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Introduction

Topology is an important and interesting area of mathematics, the study of which will not only
introduce you to new concepts and theorems but also put into context old ones like continuous
functions. However, to say just this is to understate the significance of topology. It is so
fundamental that its influence is evident in almost every other branch of mathematics. This
makes the study of topology relevant to all who aspire to be mathematicians whether their first
love is (or will be) algebra, analysis, category theory, chaos, continuum mechanics, dynamics,
geometry, industrial mathematics, mathematical biology, mathematical economics, mathematical
finance, mathematical modelling, mathematical physics, mathematics of communication, number
theory, numerical mathematics, operations research or statistics. (The substantial bibliography
at the end of this book suffices to indicate that topology does indeed have relevance to all these
areas, and more.) Topological notions like compactness, connectedness and denseness are as

basic to mathematicians of today as sets and functions were to those of last century.

Topology has several different branches — general topology (also known as point-set topology),
algebraic topology, differential topology and topological algebra — the first, general topology,
being the door to the study of the others. We aim in this book to provide a thorough grounding
in general topology. Anyone who conscientiously studies about the first ten chapters and solves

at least half of the exercises will certainly have such a grounding.

For the reader who has not previously studied an axiomatic branch of mathematics such as
abstract algebra, learning to write proofs will be a hurdle. To assist you to learn how to write
proofs, quite often in the early chapters, we include an aside which does not form part of the

proof but outlines the thought process which led to the proof.
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Asides are indicated in the following manner:

In order to arrive at the proof, we went through this thought process, which might well
be called the “discovery” or “experiment phase”.
However, the reader will learn that while discovery or experimentation is often

essential, nothing can replace a formal proof.

There are many exercises in this book. Only by working through a good number of exercises
will you master this course. Very often we include new concepts in the exercises; the concepts

which we consider most important will generally be introduced again in the text.

Harder exercises are indicated by an *.
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Chapter 1

Topological Spaces

Introduction

Tennis, football, baseball and hockey may all be exciting games but to play them you must first
learn (some of) the rules of the game. Mathematics is no different. So we begin with the rules

for topology.

This chapter opens with the definition of a topology and is then devoted to some simple
examples: finite topological spaces, discrete spaces, indiscrete spaces, and spaces with the finite-

closed topology.

Topology, like other branches of pure mathematics such as group theory, is an axiomatic
subject. We start with a set of axioms and we use these axioms to prove propositions and

theorems. It is extremely important to develop your skill at writing proofs.

Why are proofs so important? Suppose our task were to construct a building. We would
start with the foundations. In our case these are the axioms or definitions — everything else is
built upon them. Each theorem or proposition represents a new level of knowledge and must be
firmly anchored to the previous level. We attach the new level to the previous one using a proof.
So the theorems and propositions are the new heights of knowledge we achieve, while the proofs
are essential as they are the mortar which attaches them to the level below. Without proofs the

structure would collapse.

So what is a mathematical proof?
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A mathematical proof is a watertight argument which begins with information you are given,
proceeds by logical argument, and ends with what you are asked to prove.

You should begin a proof by writing down the information you are given and then state what
you are asked to prove. If the information you are given or what you are required to prove contains
technical terms, then you should write down the definitions of those technical terms.

Every proof should consist of complete sentences. Each of these sentences should be a
consequence of (i) what has been stated previously or (ii) a theorem, proposition or lemma that
has already been proved.

In this book you will see many proofs, but note that mathematics is not a spectator sport. It

is a game for participants. The only way to learn to write proofs is to try to write them yourself.

1.1 Topology

1.1.1 Definitions. Let X be a non-empty set. A collection T of subsets of X is said to
be a topology on X if

(i) X and the empty set, @, belong to T,
(ii) the union of any (finite or infinite) number of sets in T belongs to 7, and
(iii) the intersection of any two sets in T belongs to 7.

The pair (X, 7T) is called a topological space.

1.1.2 Example. Let X ={a,b,c,d,e, f} and
T1=A{X,0,{a},{c,d},{a,c,d},{b,c, d,e, f}}.

Then T is a topology on X as it satisfies conditions (i), (ii) and (iii) of Definitions 1.1.1. O

1.1.3 Example. Let X ={a,b,¢,d,e} and
To=1{X,0,{a},{c,d},{a,c,e},{bc,d}}.
Then 75 is a topology on X as the union
{¢,d} U{a,c,e} ={a,c,d, e}

of two members of T, does not belong to T,; that is, T, does not satisfy condition (ii) of

Definitions 1.1.1. O]
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1.1.4 Example. Let X ={a,b,c,d,e, f} and
Ts ={X,0,{a},{f}{a, f}.{a,c, f},{b,c,d,e, f}}.
Then T3 is a topology on X since the intersection
{a,c, [y {b,c.d e, f} = {c, [}

of two sets in 73 does not belong to T3; that is, 73 does not have property (iii) of Definitions

1.1.1. O

1.1.5 Example. Let N be the set of all natural numbers (that is, the set of all positive
integers) and let T, consist of N, @, and all finite subsets of N. Then T, is a topology on

N, since the infinite union
{2yu{3tu---u{ntu---={2,3,...,n,...}

of members of T, does not belong to T,4; that is, 7, does not have property (ii) of Definitions

1.1.1. [l

1.1.6 Definitions. Let X be any non-empty set and let 7 be the collection of all subsets
of X. Then T is called the discrete topology on the set X. The topological space (X, T) is

called a discrete space.

We note that 7 in Definitions 1.1.6 does satisfy the conditions of Definitions 1.1.1 and so is

indeed a topology.

Observe that the set X in Definitions 1.1.6 can be non-empty set. So there is an infinite

number of discrete spaces — one for each set X.

1.1.7 Definitions. Let X be any non-empty set and 7 = {X,0}. Then T is called the

indiscrete topology and (X, T) is said to be an indiscrete space.

Once again we have to check that T satisfies the conditions of Definitions 1.1.1 and so is

indeed a topology.



10 CHAPTER 1. TOPOLOGICAL SPACES

We observe again that the set X in Definitions 1.1.7 can be non-empty set. So there

is an infinite number of indiscrete spaces — one for each set X.

In the introduction to this chapter we discussed the importance of
proofs and what is involved in writing them. Our first experience
with proofs is in Example 1.1.8 and Proposition 1.1.9. You should

study these proofs carefully.
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1.1.8 Example. If X = {a,b,c} and T is a topology on X with {a} € T, {0} € T, and
{c} € T, prove that T is the discrete topology.

Proof.

We are given that T is a topology and that {a} € T, {b} € T, and {c} € T.

We are required to prove that T is the discrete topology; that is, we are required to
prove (by Definitions 1.1.6) that T contains subsets of X. Remember that T is a
topology and so satisfies conditions (i), (ii) and (iii) of Definitions 1.1.1.

So we shall begin our proof by writing down all of the subsets of X.

The set X has 3 elements and so it has 2° distinct subsets. They are: S} = 0, S, = {a},
Sz = {b}, Sy = {c}, S5 ={a,b}, Se¢ = {a,c}, Sy ={b,c}, and Ss = {a,b,c} = X.

We are required to prove that each of these subsets is in 7. As T is a topology, Definitions
1.1.1 (i) implies that X and © are in T ; thatis, S; € T and Sg € T.

We are given that {a} € T, {b} € T and {c} € T; thatis, S, € T, S3€ T and S, € T.

To complete the proof we need to show that S; € T, Sg¢ € T, and S; € T. But
Ss = {a,b} = {a} U {b}. As we are given that {a} and {b} are in T, Definitions 1.1.1 (ii)
implies that their union is also in 7 ; that is, S5 = {a,b} € T.

Similarly Sg ={a,c} ={a}U{c}eT and S;y={bc}={b}U{c}eT. ]

In the introductory comments on this chapter we observed that mathematics is not a
spectator sport. You should be an active participant. Of course your participation includes
doing some of the exercises. But more than this is expected of you. You have to about

the material presented to you.

One of your tasks is to look at the results that we prove and to ask pertinent questions.
For example, we have just shown that if each of the singleton sets {a}, {b} and {c} is in T and
X = {a,b,c}, then T is the discrete topology. You should ask if this is but one example of a
more general phenomenon; that is, if (X, 7T) is any topological space such that T contains every
singleton set, is T necessarily the discrete topology? The answer is “yes”, and this is proved in

Proposition 1.1.9.
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1.1.9 Proposition. If (X,7) is a topological space such that, for every z € X, the
singleton set {z} is in T, then T is the discrete topology.

Proof.

This result is a generalization of Example 1.1.8. Thus you might expect that the proof
would be similar. However, we cannot list all of the subsets of X as we did in Example
1.1.8 because X may be an infinite set. Nevertheless we must prove that subset
of X isin T.

At this point you may be tempted to prove the result for some special cases, for
example taking X to consist of 4, 5 or even 100 elements. But this approach is
doomed to failure. Recall our opening comments in this chapter where we described
a mathematical proof as a watertight argument. We cannot produce a watertight
argument by considering a few special cases, or even a very large number of special
cases. The watertight argument must cover cases. So we must consider the general
case of an arbitrary non-empty set X. Somehow we must prove that every subset of X
isin T.

Looking again at the proof of Example 1.1.8 we see that the key is that every subset
of X is a union of singleton subsets of X and we already know that all of the singleton

subsets are in T. This is also true in the general case.

We begin the proof by recording the fact that every set is a union of its singleton subsets.
Let S be any subset of X. Then

S = U{x}

zeS

Since we are given that each {z} is in T, Definitions 1.1.1 (ii) and the above equation imply that

S € T. As S is an arbitrary subset of X, we have that T is the discrete topology. ]
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That every set S is a union of its singleton subsets is a result which we shall use from time
to time throughout the book in many different contexts. Note that it holds even when S = () as

then we form what is called an empty union and get @ as the result.

Exercises 1.1

1. Let X = {a,b,c,d,e, f}. Determine whether or not each of the following collections of

subsets of X is a topology on X:

(a) Ti1= {Xa @7 {CL}, {CL, f}7 {bvf}v {CL?bv f}}'
(b) T2 ={X, O, {a,b, [}, {a,b,d}, {a,b,d, f}};
(C) T3 = {Xv @7 {f}> {e>f}> {aa f}}

2. Let X ={a,b,c,d,e, f}. Which of the following collections of subsets of X is a topology on

X7? (Justify your answers.)

(a) 71 ={X, 0, {c}, {b,d, e}, {b,c,d, e}, {b}};
(b) T2 ={X, O, {a}, {b,d, e}, {a,b,d}, {a,b,d,e}};
(c) Ts=1{X, O, {b}, {a,b,c}, {d,e, f}, {b,d,e, f}}.

3. If X ={a,b,cde, f}and T is the discrete topology on X, which of the following statements

are true?
@) XeT; B {X}eT; (){QteT; () OeT;
(0eX; (M{0teX; (g{a}eT; (h)aeT;
MHocx; () {a}eX; {0} CX; (haeX;
(m) XCT; (n){a} CT; () {X}<T; (P)acCT.

[Hint. Precisely six of the above are true.]

4. Let (X, T) be any topological space. Verify that the intersection of any finite number of
members of T is a member of T.

[Hint. To prove this result use “mathematical induction” ]
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Let R be the set of all real numbersset!of real numbers. Prove that each of the following

collections of subsets of R is a topology.

(i) T consists of R, @, and every interval (—n,n), for n any positive integer;
(if) T consists of R, @, and every interval [—n,n|, for n any positive integer;

(iii) T3 consists of R, @, and every interval [n,o0), for n any positive integer.

Let N be the set of all positive integers. Prove that each of the following collections of

subsets of N is a topology.

(i) 71 consists of N, ), and every set {1,2,...,n}, for n any positive integer. (This is

called the initial segment topology.)

(if) T, consists of N, @, and every set {n,n + 1,...}, for n any positive integer. (This is
called the final segment topology.)

List all possible topologies on the following sets:

(a) X ={a,b};

(b) Y ={a,b,c}.

Let X be an infinite set and 7 a topology on X. If every infinite subset of X is in T, prove
that 7 is the discrete topology.

Let R be the set of all real numbers. Precisely three of the following ten collections of

subsets of R are topologies? Identify these and justify your answer.

(i) T consists of R, @, and every interval (a,b), for a and b any real numbers with a < b;

(if) T consists of R, O, and every interval (—r,r), for r any positive real number;

(—
(iii) T3 consists of R, ), and every interval (—r,r), for r any positive rational number;
(iv) T4 consists of R, ), and every interval [—r, 7], for r any positive rational number;
(v) T5 consists of R, O, and every interval (—r,r), for r any positive irrational number;
(vi) T¢ consists of R, ), and every interval [—r, 7], for r any positive irrational number;

(vii) T; consists of R, @, and every interval [—r,r), for r any positive real number;

(viii) Tg consists of R, (), and every interval (—r,r|, for r any positive real number;
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(ix) To consists of R, O, every interval [—r,r|, and every interval (—r, ), for r any positive

real number;

(x) T consists of R, O, every interval [—n,n|, and every interval (—r, ), for n any positive

integer and 7 any positive real number.

1.2 Open Sets, Closed Sets, and Clopen Sets

Rather than continually refer to “members of T ", we find it more convenient to give such sets
a name. We call them “open sets”. We shall also name the complements of open sets. They
will be called “closed sets”. This nomenclature is not ideal, but derives from the so-called “open
intervals” and “closed intervals” on the real number line. We shall have more to say about this

in Chapter 2.

1.2.1 Definition. Let (X, T) be any topological space. Then the members of T are said

to be open sets.

1.2.2 Proposition. If (X, T) is any topological space, then
(i) X and O are open sets,
(ii) the union of any (finite or infinite) number of open sets is an open set and

(iii) the intersection of any finite number of open sets is an open set.

Proof.  Clearly (i) and (ii) are trivial consequences of Definition 1.2.1 and Definitions 1.1.1 (i)
and (ii). The condition (iii) follows from Definition 1.2.1 and Exercises 1.1 #4. L

On reading Proposition 1.2.2, a question should have popped into your mind: while any
finite or infinite union of open sets is open, we state only that intersections of open sets
are open. Are infinite intersections of open sets always open? The next example shows that the

answer is “no" .
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1.2.3 Example. Let N be the set of all positive integers and let 7 consist of () and each
subset S of N such that the complement of S in N, N\ S, is a finite set. It is easily verified that
T satisfies Definitions 1.1.1 and so is a topology on N. (In the next section we shall discuss this
topology further. It is called the finite-closed topology.) For each natural number n, define the

set S,, as follows:

Sp,={1}Uu{n+1}u{n+2}u{n+3}u---={1}U D {m}.

m=n-1

Clearly each S,, is an open set in the topology T, since its complement is a finite set. However,
(8. = {1}. (1)
n=1

As the complement of {1} is neither N nor a finite set, {1} is not open. So (1) shows that the

intersection of the open sets S, is not open. []

You might well ask: how did you find the example presented in Example 1.2.37 The answer

is unglamorous! It was by trial and error.

If we tried, for example, a discrete topology, we would find that each intersection of open
sets is indeed open. The same is true of the indiscrete topology. So what you need to do is some

intelligent guesswork.

Remember that to prove that the intersection of open sets is not necessarily open, you need

to find just one counterexample!

1.2.4 Definition. Let (X,7T) be a topological space. A subset S of X is said to be a
closed set in (X, T) if its complement in X, namely X \ S, is open in (X, T).

In Example 1.1.2, the closed sets are

D, X, {b,c,d,e, f},{a,b,e, f},{b,e, f} and {a}.

If (X, T) is a discrete space, then it is obvious that every subset of X is a closed set. However in

an indiscrete space, (X, 7T), the only closed sets are X and 0.
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1.2.5 Proposition. If (X, T) is any topological space, then
(i) @ and X are closed sets,
(ii) the intersection of any (finite or infinite) number of closed sets is a closed set and

(iii) the union of any finite number of closed sets is a closed set.

Proof. (i) follows immediately from Proposition 1.2.2 (i) and Definition 1.2.4, as the

complement of X is ) and the complement of ) is X.

To prove that (iii) is true, let S1,Ss,...,5, be closed sets. We are required to prove that
S1US,U---US, is a closed set. It suffices to show, by Definition 1.2.4, that X \ (S;USU---US,,)

is an open set.

As S1,S5,,...,5, are closed sets, their complements X \ S, X \ Sy, ..., X\ S, are open
sets. But
X\(S1USU---US,)=(X\S)NX\S)N---N(X\S,)- (1)
As the right hand side of (1) is a finite intersection of open sets, it is an open set. So the
left hand side of (1) is an open set. Hence S; US; U---US, is a closed set, as required. So (iii)
is true.

The proof of (ii) is similar to that of (iii). [However, you should read the warning in the

proof of Example 1.3.9.] ]
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Warning. The names “open” and ‘“closed” often lead newcomers to the world of topology into
error. Despite the names, some open sets are also closed sets! Moreover, some sets are neither

open sets nor closed sets! Indeed, if we consider Example 1.1.2 we see that

(i) the set {a} is both open and closed;
(ii) the set {b,c} is neither open nor closed;
(iii) the set {c,d} is open but not closed;

(iv) the set {a,b,e, f} is closed but not open.

In a discrete space every set is both open and closed, while in an indiscrete space (X, 7), all

subsets of X except X and () are neither open nor closed. ]

To remind you that sets can be both open and closed we introduce the following definition.

1.2.6 Definition. A subset S of a topological space (X, T) is said to be clopen if it is
both open and closed in (X, T).

In every topological space (X,T) both X and @ are clopen®.
In a discrete space all subsets of X are clopen.

In an indiscrete space the only clopen subsets are X and 0.

Exercises 1.2

1. List all 64 subsets of the set X in Example 1.1.2. Write down, next to each set, whether
it is (i) clopen; (ii) neither open nor closed; (iii) open but not closed; (iv) closed but not

open.

2.  Let (X, T) be a topological space with the property that every subset is closed. Prove that

it is a discrete space.

'We admit that “clopen” is an ugly word but its use is now widespread.
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Observe that if (X, T) is a discrete space or an indiscrete space,then every open set is a
clopen set. Find a topology T on the set X = {a,b,c,d} which is not discrete and is not

indiscrete but has the property that every open set is clopen.

Let X be an infinite set. If T is a topology on X such that every infinite subset of X is
closed, prove that T is the discrete topology.

Let X be an infinite set and T a topology on X with the property that the only infinite

subset of X which is open is X itself. Is (X, T) necessarily an indiscrete space?

(i) Let T be a topology on a set X such that T consists of precisely four
sets; that is, T = {X, 0, A, B}, where A and B are non-empty distinct proper subsets
of X. [A is a proper subset of X means that A C X and A # X. This is denoted by
A C X.] Prove that A and B must satisfy exactly one of the following conditions:

(a) B=X\ A4; (b) A C B; (¢) B C A.
[Hint. Firstly show that A and B must satisfy at least one of the conditions and then
show that they cannot satisfy more than one of the conditions.]

(ii) Using (i) list all topologies on X = {1,2,3,4} which consist of exactly four sets.



20 CHAPTER 1. TOPOLOGICAL SPACES

1.3 The Finite-Closed Topology

It is usual to define a topology on a set by stating which sets are open. However, sometimes
it is more natural to describe the topology by saying which sets are closed. The next definition

provides one such example.

1.3.1 Definition. Let X be any non-empty set. A topology T on X is called the finite-
closed topology or the cofinite topology if the closed subsets of X are X and all finite subsets

of X; that is, the open sets are @ and all subsets of X which have finite complements.

Once again it is necessary to check that 7 in Definition 1.3.1 is indeed a topology; that is,

that it satisfies each of the conditions of Definitions 1.1.1.

Note that Definition 1.3.1 does not say that every topology which has X and the finite
subsets of X closed is the finite-closed topology. These must be the closed sets. [Of
course, in the discrete topology on any set X, the set X and all finite subsets of X are indeed

closed, but so too are all other subsets of X ]

In the finite-closed topology all finite sets are closed. However, the following example shows

that infinite subsets need not be open sets.

1.3.2 Example. If Nis the set of all positive integers, then sets such as {1}, {5,6,7}, {2,4,6,8}

are finite and hence closed in the finite-closed topology. Thus their complements
{2,3,4,5,...}, {1,2,3,4,8,9,10,...}, {1,3,5,7,9,10,11,...}

are open sets in the finite-closed topology. On the other hand, the set of even positive integers is
not a closed set since it is not finite and hence its complement, the set of odd positive integers,

is not an open set in the finite-closed topology.

So while all finite sets are closed, not all infinite sets are open. O]
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1.3.3 Example. Let T be the finite-closed topology on a set X. If X has at least 3 distinct

clopen subsets, prove that X is a finite set.

Proof.

We are given that T is the finite-closed topology, and that there are at least 3 distinct

clopen subsets.
We are required to prove that X is a finite set.

Recall that 7 is the finite-closed topology means that the family of all closed sets
consists of X and all finite subsets of X. Recall also that a set is clopen if and only if

it is both closed and open.

Remember that in every topological space there are at least 2 clopen sets, namely
X and ©. (See the comment immediately following Definition 1.2.6.) But we are told
that in the space (X, T) there are at least 3 clopen subsets. This implies that there is a
clopen subset other than ) and X. So we shall have a careful look at this other clopen

setl!

As our space (X, T) has 3 distinct clopen subsets, we know that there is a clopen subset
S of X such that S # X and S # . As S is open in (X, T), Definition 1.2.4 implies that its

complement X \ S is a closed set.

Thus S and X \ S are closed in the finite-closed topology 7. Therefore S and X \ S are both
finite, since neither equals X. But X = SU(X \S) and so X is the union of two finite sets. Thus

X is a finite set, as required. L]

We now know three distinct topologies we can put on any infinite set — and there are many
more. The three we know are the discrete topology, the indiscrete topology, and the finite-closed

topology. So we must be careful always to specify the topology on a set.

For example, the set {n : n > 10} is open in the finite-closed topology on the set of natural
numbers, but is not open in the indiscrete topology. The set of odd natural numbers is open in

the discrete topology on the set of natural numbers, but is not open in the finite-closed topology.
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We shall now record some definitions which you have probably met before.

1.3.4 Definitions. Let f be a function from a set X into a set Y.
(i) The function f is said to be one-to-one or injective if f(x1) = f(z2) implies z1 = 3,
for x1,25 € X
(ii) The function f is said to be onto or surjective if for each y € Y there exists an z € X
such that f(z) = v;

(iii) The function f is said to be bijective if it is both one-to-one and onto.

1.3.5 Definitions. Let f be a function from a set X into a set Y. The function f is said

to have an inverse if there exists a function g of Y into X such that ¢(f(z)) = z, for all

x € X and f(g(y)) =y, for all y € Y. The function g is called an inverse function of f.

The proof of the following proposition is left as an exercise for you.

1.3.6 Proposition. Let f be a function from a set X into a set Y.
(i) The function f has an inverse if and only if f is bijective.
(ii) Let g; and go be functions from Y into X. If ¢g; and g, are both inverse functions of f,
then g; = go; that is, g1(y) = g2(y), for all y € Y.

(iii) Let g be a function from Y into X. Then g is an inverse function of f if and only if f

is an inverse function of g.

Warning. It is a very common error for students to think that a function is one-to-one if “it
maps one point to one point”.

All functions map one point to one point. Indeed this is part of the definition of a function.

A one-to-one function is a function that maps different points to different points. []
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We now turn to a very important notion that you may not have met before.

1.3.7 Definition. Let f be a function from a set X into a set Y. If S is any subset of
Y, then the set [~!(9) is defined by

f(S)={z:2€ X and f(x) € S}.

The subset f71(S) of X is said to be the inverse image of S.

Note that an inverse function of f: X — Y exists if and only if f is bijective. But the inverse
image of any subset of Y exists even if f is neither one-to-one nor onto. The next example

demonstrates this.

1.3.8 Example. Let f be the function from the set of integers, Z, into itself given by f(z) = |z

for each z € Z.

The function f is not one-to one, since f(1) = f(—1).

It is also not onto, since there is no z € Z, such that f(z) = —1. So f is certainly not
bijective. Hence, by Proposition 1.3.6 (i), f does not have an inverse function. However inverse
images certainly exist. For example,

f1{1,2,3}) ={-1,-2,-3,1,2,3}
f1({-5,3,5,7,9}) = {-3,-5,-7,-9,3,5,7,9}. O



24 CHAPTER 1. TOPOLOGICAL SPACES

We conclude this section with an interesting example.

1.3.9 Example. Let (Y,7T) be a topological space and X a non-empty set. Further, let f be
a function from X into Y. Put 7, = {f'(S) : S € T}. Prove that T, is a topology on X.

Proof.

Our task is to show that the collection of sets, 71, is a topology on X; that is, we have

to show that 7 satisfies conditions (i), (ii) and (iii) of Definitions

1.1.1.

XeT, since X=f4Y) and YeT.
DeT, since O=f10) and OeT.

Therefore T has property (i) of Definitions 1.1.1.

To verify condition (ii) of Definitions 1.1.1, let {A, : j € J} be a collection of members of
T 1, for some index set J. We have to show that Ujej A €T As A; € T4, the definition
of T, implies that A; = f~'(B;), where B; € T. Also J;c; A = U e, f71(B;) = f (UjGJ Bj) :
[See Exercises 1.3 # 1.]

Now B; € T, for all j € J, and so UjEJ
the definition of 7, f~1 (UjEJ Bj) € Ty; that'is,

B; € T, since T is a topology on Y. Therefore, by
icsAj € T1.

So T has property (ii) of Definitions 1.1.1.

[Warning. You are reminded that not all sets are countable. (See the Appendix for comments
on countable sets.) So it would not suffice, in the above argument, to assume that sets
Ay, As.... A,,... are in T1 and show that their union A; UA,U...UA,U... isin T{. This
would prove only that the union of a number of sets in 71 lies in T, but would not
show that 7 has property (ii) of Definitions 1.1.1 — this property requires unions, whether

countable or uncountable, of sets in 77 to be in T.]

Finally, let A; and A, be in T1. We have to show that A; N A, € T;.
As Ay, Ay € Ty, A1 = f71(By) and Ay = f~1(B,), where B, B, € T.

AiNAy =1 (B)NFUBy) = fHB1 N By). [See Exercises 1.3 #1.]



1.3. FINITE-CLOSED TOPOLOGY 25

As BiN By € T, we have f~1(B; N By) € T,. Hence A; N Ay € T4, and we have shown that
T also has property (iii) of Definitions 1.1.1.

So T is indeed a topology on X. []

Exercises 1.3

1. Let f be a function from a set X into a set Y. Then we stated in Example 1.3.9 that

Us)=U sy (1)
jeJ jeJ
and
STHBINBy) = f7H(B1) N f1(By) (2)

for any subsets B; of Y, and any index set J.

(a) Prove that (1) is true.
[Hint. Start your proof by letting = be any element of the set on the left-hand side and
show that it is in the set on the right-hand side. Then do the reverse.]

(b) Prove that (2) is true.

(c) Find (concrete) sets A;, Ay, X, and Y and a function f: X — Y such that f(A1NAy) #
f(A1> N f(Az), where Al - X and AQ - X.

2. Is the topology T described in Exercises 1.1 #6 (ii) the finite-closed topology? (Justify your

answer.)
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3. A topological space (X, T) is said to be a Ti-space if every singleton set {z} is closed

in (X, 7). Show that precisely two of the following nine topological spaces are T}-spaces.

(Justify your answer.)

(i) a discrete space;

(ii) an indiscrete space with at least two points;
(iii) an infinite set with the finite-closed topology;
(iv) Example 1.1.2;

(v) Exercises 1.1 #5 (i);

(vi) Exercises 1.1 #5 (ii);

(vii) Exercises 1.1 #5 (iii);
(viii) Exercises 1.1 #6 (i);

(ix) Exercises 1.1 #6 (ii).

4. Let T be the finite-closed topology on a set X. If T is also the discrete topology, prove

that the set X is finite.

. A topological space (X, T) is said to be a 7j-space if for each pair of distinct points a,b

in X, either there exists an open set containing a and not b, or there exists an open set

containing b and not a.

(i) Prove that every Tj-space is a Tj-space.
(if) Which of (i)—(vi) in Exercise 3 above are Tj-spaces? (Justify your answer.)

(iii) Put a topology T on the set X = {0,1} so that (X, 7) will be a Ty-space but not a

Ti-space. [The topological space you obtain is called the Sierpinski space.]

(iv) Prove that each of the topological spaces described in Exercises 1.1 #6 is a Tj-space.

(Observe that in Exercise 3 above we saw that neither is a T;-space.)

Let X be any infinite set. The countable-closed topology is defined to be the topology
having as its closed sets X and all countable subsets of X. Prove that this is indeed a

topology on X.

7. Let T and T4 be two topologies on a set X. Prove each of the following statements.
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(i) If T3 is defined by T3 = T1 U T, then T3 is not necessarily a topology on X. (Justify

your answer, by finding a concrete example.)

(if) If T4 is defined by T4 = T1 N Ty, then T, is a topology on X. (The topology T4 is

said to be the intersection of the topologies 7 and T5.)
(iii) If (X,7T1) and (X, T2) are Tj-spaces, then (X, T,) is also a Tj-space.

(iv) If (X, 7T1) and (X, T2) are Ty-spaces, then (X, T4) is not necessarily a Ty-space. (Justify

your answer by finding a concrete example.)

(v) f T1,To,..., T, are topologies on a set X, then T = () T, is a topology on X.
=1

(vi) If for each i € I, for some index set I, each T, is a topology on the set X, then

T = ()T is a topology on X.
icl

1.4 Postscript

In this chapter we introduced the fundamental notion of a topological space. As examples we saw
various finite spaces, as well as discrete spaces, indiscrete spaces and spaces with the finite-closed
topology. None of these is a particularly important example as far as applications are concerned.
However, in Exercises 4.3 #8, it is noted that every infinite topological space ‘“contains” an
infinite topological space with one of the five topologies: the indiscrete topology, the discrete
topology, the finite-closed topology, the initial segment topology, or the final segment topology

of Exercises 1.1 #6. In the next chapter we describe the very important euclidean topology.

En route we met the terms “open set” and “closed set” and we were warned that these
names can be misleading. Sets can be both open and closed, neither open nor closed, open but
not closed, or closed but not open. It is important to remember that we cannot prove that a set

is open by proving that it is not closed.

Other than the definitions of topology, topological space, open set, and closed set the most

significant topic covered was that of writing proofs.

In the opening comments of this chapter we pointed out the importance of learning to write
proofs. In Example 1.1.8, Proposition 1.1.9, and Example 1.3.3 we have seen how to “think
through” a proof. It is essential that you develop your own skill at writing proofs. Good exercises

to try for this purpose include Exercises 1.1 #8, Exercises 1.2 #2,4, and Exercises 1.3 #1,4.
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Some students are confused by the notion of topology as it involves “sets of sets”. To check
your understanding, do Exercises 1.1 #3.

The exercises included the notions of Ty-space and Ti-space which will be formally introduced
later. These are known as separation properties.

Finally we emphasize the importance of inverse images. These are dealt with in Example

1.3.9 and Exercises 1.3 #1. Our definition of continuous mapping will rely on inverse images.



Chapter 2

The Euclidean Topology

Introduction

In a movie or a novel there are usually a few central characters about whom the plot revolves.
In the story of topology, the euclidean topology on the set of real numbers is one of the central
characters. Indeed it is such a rich example that we shall frequently return to it for inspiration

and further examination.

Let R denote the set of all real numbers. In Chapter 1 we defined three topologies that can
be put on any set: the discrete topology, the indiscrete topology and the finite-closed topology.
So we know three topologies that can be put on the set R. Six other topologies on R were
defined in Exercises 1.1 #5 and #9. In this chapter we describe a much more important and

interesting topology on R which is known as the euclidean topology.

An analysis of the euclidean topology leads us to the notion of “basis for a topology”. In
the study of Linear Algebra we learn that every vector space has a basis and every vector is a
linear combination of members of the basis. Similarly, in a topological space every open set can
be expressed as a union of members of the basis. Indeed, a set is open if and only if it is a union

of members of the basis.

29
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2.1 The Euclidean Topology on R

2.1.1 Definition. A subset S of R is said to be open in the euclidean topology on R if
it has the following property:

(¥)  For each = € S, there exist a,b in R, with a < b, such that x € (a,b) C S.

Notation. Whenever we refer to the topological space R without specifying the topology, we

mean R with the euclidean topology.

2.1.2 Remarks. (i) The “euclidean topology” T is a topology.

Proof.

We are required to show that T satisfies conditions (i), (ii), and (iii) of Definitions

1.1.1.

We are given that a set is in T if and only if it has property .

Firstly, we show that R € 7. Let x € R. If we puta=x—1and b= x+1, then z € (a,b) C R;
that is, R has property * and so R € T. Secondly, @ € T as ) has property * by default.

Now let {4, : j € J}, for some index set .J, be a family of members of 7. Then we have to

show that | J,.; A; € T; that is, we have to show that [J,; A; has property x. Let z € J;c; 4;.

jeJ
Then z € A, for some k € J. As A, € T, there exist a and b in R with a < b such that
z € (a,b) C Ay. As ke J, Ay CU;c;4; and so z € (a,b) C U, c; Aj. Hence U

x and thus is in T, as required.

e s Aj has property

Finally, let A; and A, be in T. We have to prove that A{ N A; € T. So let y € A; N As.
Then y € A;. As Ay € T, there exist a and b in R with a < b such that y € (a,b) C A;. Also
y € Ay € T. So there exist ¢ and d in R with ¢ < d such that y € (¢,d) C As. Let e be the greater
of a and ¢, and f the smaller of b and d. It is easily checked that e < y < f, and so y € (e, f). As
(e, f) C (a,b) C Ay and (e, f) C (¢,d) C Ay, we deduce that y € (e, f) € A N As. Hence A; N A
has property * and so is in T.

Thus 7T is indeed a topology on R. U
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We now proceed to describe the open sets and the closed sets in the euclidean topology on
R. In particular, we shall see that all open intervals are indeed open sets in this topology and all

closed intervals are closed sets.

(ii) Letr,s € R with r < s. In the euclidean topology T on R, the open interval (r,s) does

indeed belong to 7 and so is an open set.

Proof.

We are given the open interval (7, s).

We must show that (7, s) is open in the euclidean topology; that is, we have to show

that (r, s) has property (x) of Definition 2.1.1.

So we shall begin by letting = € (r,s). We want to find a and b in R with a < b such
that z € (a,b) C (r,s).

Let z € (r,s). Choose a =r and b =s. Then clearly
x € (a,b) C (r,s).

So (r,s) is an open set in the euclidean topology. 0

(iii) The open intervals (r,00) and (—oo,r) are open sets in R, for every real number r.

Proof.

Firstly, we shall show that (r,00) is an open set; that is, that it has property (x).

To show this we let z € (r,00) and seek a,b € R such that

z € (a,b) C (r,00).

Let z € (r,00). Puta=randb=ax+1. Then z € (a,b) C (r,00) and so (r,00) € T.

A similar argument shows that (—oo,r) is an open set in R. O
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(iv) It is important to note that while every open interval is an open set in R, the converse
is false. Not all open sets in R are intervals. For example, the set (1,3) U (5,6) is an open set in

R, but it is not an open interval. Even the set | J -, (2n,2n + 1) is an open set in R. 0

(v) For each c and d in R with ¢ < d, the closed interval [c,d] is not an open set in R.

Proof.

We have to show that [c, d] does not have property (x).
To do this it suffices to find any one x such that there is no a, b having property (x).

Obviously ¢ and d are very special points in the interval [c,d]. So we shall choose

x = ¢ and show that no a,b with the required property exist.
We use the method of proof called proof by contradiction. We that a and

b exist with the required property and show that this leads to a contradiction, that is

something which is false. Consequently the supposition is false! Hence no such a and

b exist. Thus [c, d] does not have property (*) and so is not an open set.

Observe that ¢ € [c, d]. there exist a and b in R with a < bsuch that ¢ € (a,b) C [¢, d].
Then c € (a,b) implies a < c <band so a < <% < ¢ <b. Thus <2 € (a,b) and <2 ¢ [, d]. Hence
(a,b) Z [c,d], which is a contradiction. So there do not exist a and b such that ¢ € (a,b) C [c,d].

Hence [c, d] does not have property (x) and so [¢,d] ¢ T. O

(vi) Foreach a and bin R with a < b, the closed interval [a,b] is a closed set in the euclidean

topology on R.

Proof. To see that it is closed we have to observe only that its complement (—o0,a) U (b, 00),

being the union of two open sets, is an open set. O

(vii) Each singleton set {a} is closed in R.

Proof.  The complement of {a} is the union of the two open sets (—c0,a) and (a,o0) and so is

open. Therefore {a} is closed in R, as required.

[In the terminology of Exercises 1.3 #3, this result says that R is a T}-space.] 0
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(viii) Note that we could have included (vii) in (vi) simply by replacing “a < b" by “a <b".

The singleton set {a} is just the degenerate case of the closed interval [a, b]. O

(ix) The set Z of all integers is a closed subset of R.

Proof. The complement of Z is the union |- _ (n,n+ 1) of open subsets (n,n+ 1) of R and

so is open in R. Therefore Z is closed in R. O

(x) The set Q of all rational numbers is neither a closed subset of R nor an open subset of

Proof.

We shall show that Q is not an open set by proving that it does not have property ().

To do this it suffices to show that Q does not contain any interval (a,b), with a < b.

that (a,b) C Q, where a and b are in R with a < b. Between any two distinct real

numbers there is an irrational number. (Can you prove this?) Therefore there exists ¢ € (a,b)
such that ¢ ¢ Q. This contradicts (a,b) C Q. Hence Q does not contain any interval (a,b), and

so is not an open set.

To prove that Q is not a closed set it suffices to show that R \ Q is not an open set. Using
the fact that between any two distinct real numbers there is a rational number we see that R\ Q
does not contain any interval (a,b) with a < b. So R\ Q is not open in R and hence Q is not
closed in R. O

(xi) In Chapter 3 we shall prove that the only clopen subsets of R are the trivial ones,
namely R and O. O
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Exercises 2.1

. Prove that if a,b € R with a < b then neither [a,b) nor (a,b] is an open subset of R. Also

show that neither is a closed subset of R.

. Prove that the sets [a,00) and (—o0, a| are closed subsets of R.

. Show, by example, that the union of an infinite number of closed subsets of R is not

necessarily a closed subset of R.

. Prove each of the following statements.

(i) The set Z of all integers is not an open subset of R.
(ii) The set S of all prime numbers is a closed subset of R but not an open subset of R.

(iii) The set IP of all irrational numbers is neither a closed subset nor an open subset of R.

. If F'is a non-empty finite subset of R, show that F' is closed in R but that F' is not open in

R.

. If F'is a non-empty countable subset of R, prove that F' is not an open set.

. (i) LetS={0,1,1/2,1/3,1/4,1/5,...,1/n,...}. Prove that the set S is closed in the

euclidean topology on R.
(ii) Is the set T'={1,1/2,1/3,1/4,1/5,...,1/n,...} closed in R?
(i) Is the set {v/2, 2v/2, 3v/2,...,nv2,...} closed in R?

. (i) Let (X, T) be a topological space. A subset S of X is said to be an F,-set if it is the

union of a countable number of closed sets. Prove that all open intervals (a,b) and all

closed intervals [a,b], are F,-sets in R.

(if) Let (X,T) be a topological space. A subset T of X is said to be a (G5-set if it is the
intersection of a countable number of open sets. Prove that all open intervals (a,b)

and all closed intervals [a, b] are G-sets in R.

(iii) Prove that the set Q of rationals is an F,-set in R. (In Exercises 6.5#3 we prove that
Q is not a Gs-set in R.)

(iv) Verify that the complement of an F,-set is a Gs-set and the complement of a Gs-set

is an F-set.
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2.2 Basis for a Topology

Remarks 2.1.2 allow us to describe the euclidean topology on R in a much more convenient

manner. To do this, we introduce the notion of a basis for a topology.

2.2.1 Proposition. A subset S of R is open if and only if it is a union of open intervals.

Proof.

We are required to prove that S is open if and only if it is a union of open intervals;

that is, we have to show that
(i) if S is a union of open intervals, then it is an open set, and

(ii) if S is an open set, then it is a union of open intervals.

Assume that S is a union of open intervals; that is, there exist open intervals (aj, bj), where j
belongs to some index set .J, such that S = J,;(a;,b;). By Remarks 2.1.2 (ii) each open interval

(aj,b;) is an open set. Thus S is a union of open sets and so S is an open set.

Conversely, assume that S is open in R. Then for each =z € S, there exists an interval

I, = (a,b) such that z € I, € S. We now claim that S = J,.q I..

We are required to show that the two sets S and |, 4 [, are equal.

z€S
These sets are shown to be equal by proving that
(i)ifye S, theny € |, g1, and

(ii) if z € U,cq Lo then z € S.

[Note that (i) is equivalent to the statement S C |J, g [, While (ii) is equivalent to
UxeS Ix g S]

Firstly let y € S. Then y € I,. So y € |J,cq I, as required. Secondly, let z € |, 4 I,- Then

1., and

€S

z € I, forsomet € S. As each I, C S, we see that I; C S and so z € S. Hence S = Uzes

we have that S is a union of open intervals, as required. []
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The above proposition tells us that in order to describe the topology of R it suffices to say
that all intervals (a,b) are open sets. Every other open set is a union of these open sets. This

leads us to the following definition.

2.2.2 Definition. Let (X, T) be a topological space. A collection B of open subsets of

X is said to be a basis for the topology T if every open set is a union of members of B.

If B is a basis for a topology T on a set X then a subset U of X isin T if and only if it is a
union of members of B. So B ‘“generates” the topology T in the following sense: if we are told
what sets are members of B then we can determine the members of T — they are just all the sets

which are unions of members of B.

2.2.3 Example. Let B={(a,b):a,b€ R a<b}. Then B is a basis for the euclidean topology
on R, by Proposition 2.2.1. 0

2.2.4 Example. Let (X, T) be a discrete space and B the family of all singleton subsets of
X; that is, B={{z} : x € X}. Then, by Proposition 1.1.9, B is a basis for T. O

2.2.5 Example. Let X ={a,b,¢,d,e, f} and

T, = {Xa @7 {a}’ {Cw d}v {a’ Gy d}’ {b7 ) d7 €, f}}

Then B = {{a},{c,d},{b,c,d,e, f}} is a basis for T, as B C T, and every member of 7, can be

expressed as a union of members of B. (Observe that @) is an empty union of members of B.)

Note that 7 itself is also a basis for 7. L]

2.2.6 Remark. Observe that if (X, 7T) is a topological space then B = T is a basis for the
topology T. So, for example, the set of all subsets of X is a basis for the discrete topology on X.

We see, therefore, that there can be many different bases for the same topology. Indeed
if B is a basis for a topology T on a set X and B is a collection of subsets of X such that

B C By C T, then B is also a basis for 7. [Verify this.] O
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As indicated above the notion of “basis for a topology” allows us to define topologies.

However the following example shows that we must be careful.

2.2.7 Example. Let X = {a,b,c} and B = {{a},{c},{a,b},{b,c}}. Then B is not a basis for
any topology on X. To see this, that B is a basis for a topology 7. Then T consists

of all unions of sets in B:; that is,

T ={X,0,{a},{c},{a,c},{a,b},{b, c}}.

(Once again we use the fact that ) is an empty union of members of B and so O € T.)
However, Tis not a topology since the set {b} = {a,b} N {b,c} is not in T and so T does not
have property (iii) of Definitions 1.1.1. This is a contradiction, and so our supposition is false.

Thus B is not a basis for any topology on X. 0

Thus we are led to ask: if B is a collection of subsets of X, under what conditions is BB a

basis for a topology? This question is answered by Proposition 2.2.8.
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2.2.8 Proposition. Let X be a non-empty set and let B be a collection of subsets of X.
Then B is a basis for a topology on X if and only if B has the following properties:
(a) X=U B, and
BeB

(b) for any Bj, By € B, the set B; N By is a union of members of B.

Proof. If B is a basis for a topology 7 then T must have the properties (i), (ii), and (iii) of
Definitions 1.1.1. In particular X must be an open set and the intersection of any two open sets
must be an open set. As the open sets are just the unions of members of B, this implies that (a)

and (b) above are true.

Conversely, assume that B has properties (a) and (b) and let T be the collection of all subsets
of X which are unions of members of B. We shall show that T is a topology on X. (If so then
B is obviously a basis for this topology T and the proposition is true.)

By (a), X = Ugcs B and so X € T. Note that ) is an empty union of members of B and so
() € T. So we see that T does have property (i) of Definitions 1.1.1.

Now let {7} be a family of members of 7. Then each T; is a union of members of B. Hence
the union of all the T} is also a union of members of B and so is in 7. Thus T also satisfies

condition (ii) of Definitions 1.1.1.

Finally let C'and D be in T. We need to verify that CND € T. But C = J,.x Bx, for some

index set K and sets By, € B. Also D = |J._, B;, for some index set J and B; € B. Therefore

jeJ

CND= (UBk) N (UBj) = |J BnBy.

keK jeJ keK,jeJ

You should verify that the two expressions for C' N D are indeed equal!

In the finite case this involves statements like
(Bl @) BQ) N (Bg U B4> = (Bl N Bg) U (Bl N B4) U (BQ N Bg) @) (BQ N B4)

By our assumption (b), each B;, N B, is a union of members of 53 and so C'N D is a union of
members of B. Thus CND € T. So T has property (iii) of Definition 1.1.1. Hence T is indeed
a topology, and B is a basis for this topology, as required. O
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Proposition 2.2.8 is a very useful result. It allows us to define topologies by simply writing

down a basis. This is often easier than trying to describe all of the open sets.

We shall now use this Proposition to define a topology on the plane. This topology is known

as the “euclidean topology”.

2.2.9 Example. Let B be the collection of all “open rectangles”
{{z,y) : (x,9) €R? a <z <b c<y<d} in the plane which have each side parallel to the X-

or Y-axis.

X

Then B is a basis for a topology on the plane. This topology is called the euclidean topology.

Whenever we use the symbol R* we mean the plane, and if we refer to R? as a topological
space without explicitly saying what the topology is, we mean the plane with the euclidean
topology.

To see that B is indeed a basis for a topology, observe that (i) the plane is the union of all of
the open rectangles, and (ii) the intersection of any two rectangles is a rectangle. [By “rectangle”
we mean one with sides parallel to the axes.] So the conditions of Proposition 2.2.8 are satisfied

and hence B is a basis for a topology. O

2.2.10 Remark. By generalizing Example 2.2.9 we see how to put a topology on
R™ = {{x1,29,... ,xn) 2, €ER, i=1,..., n}, for each integer n > 2.

We let B be the collection of all subsets {(z;,22,... ,2,) € R" 1 a; <a; <b;, i =1,2,... ,n} of

R"™ with sides parallel to the axes. This collection B is a basis for the euclidean topology on R".[]
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Exercises 2.2

1. In this exercise you will prove that disc {(z,%) : 2> + y?> < 1} is an open subset of R?, and

then that every open disc in the plane is an open set.

(i) Let (a,b) be any point in the disc D = {(z,y) : 2> + y* < 1}. Put r = Va2 + 2. Let
R, be the open rectangle with vertices at the points (a + %, b+ 1%} Verify that
R(a,b) c D.

(ii) Using (i) show that
D= |J Ry

(a,b)eD
(iii) Deduce from (ii) that D is an open set in R”.

(iv) Show that every disc {(z,y) : (v —a)? + (y — b)® < 2, a,b,c € R} is open in R”.

2. In this exercise you will show that the collection of all open discs in R* is a basis for a

topology on R?. [Later we shall see that this is the euclidean topology.]

(i) Let D, and D, be any open discs in R* with D;NDy # @. If {a,b) is any point in D;N Dy,
show that there exists an open disc D, with centre (a,b) such that Dy, C DN Ds.

[Hint: draw a picture and use a method similar to that of Exercise 1 (i).]

(ii) Show that
D1 N D2 S U D(a,b>~

(a,byeD1ND2

(iii) Using (ii) and Proposition 2.2.8, prove that the collection of all open discs in R? is a

basis for a topology on R.

3. Let B be the collection of all open intervals (a,b) in R with a < b and @ and b rational
numbers. Prove that B is a basis for the euclidean topology on R. [Compare this with

Proposition 2.2.1 and Example 2.2.3 where a and b were not necessarily rational.]

[Hint: do not use Proposition 2.2.8 as this would show only that B is a basis for some

topology not necessarily a basis for the euclidean topology.]
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4. A topological space (X, T) is said to satisfy the second axiom of countability if there exists

a basis B for T such that B consists of only a countable number of sets.

(i) Using Exercise 3 above show that R satisfies the second axiom of countability.

(if) Prove that the discrete topology on an uncountable set does not satisfy the second

axiom of countability.

[Hint. It is not enough to show that one particular basis is uncountable. You must
prove that basis for this topology is uncountable.]

(iii) Prove that R" satisfies the second axiom of countability, for each positive integer n.
(iv) Let (X, T) be the set of all integers with the finite-closed topology. Does the space

(X, T) satisfy the second axiom of countability?

5. Prove the following statements.
(i) Let m and ¢ be real numbers, with m # 0. Then the line L = {(x,y) : y = mx +c} is a

closed subset of R2.

(i) Let S' be the unit circle given by S' = {(z,y) € R* : 22 + 9> = 1}. Then S' is a closed
subset of R?.

(iii) Let S" be the unit n-sphere given by
S* = {{z1, %2, .., Tn, Tpy1) ER™ iz} 42+ 422, =1}

Then S™ is a closed subset of R".

(iv) Let B™ be the closed unit n-ball given by
B" = {{z1,23,...,2,) ER" 12} + 23 +--- + 22 < 1}.

Then B" is a closed subset of R".

(v) The curve C = {(z,y) € R : 2y = 1} is a closed subset of R*.

6. Let By be a basis for a topology 71 on a set X and B, a basis for a topology 7, on a set Y.
The set X X Y consists of all ordered pairs (z,y), x € X and y € Y. Let B be the collection
of subsets of X X Y consisting of all the sets B; x By where By € B; and By € B,. Prove
that B is a basis for a topology on X x Y. The topology so defined is called the product

topology on X x Y.
[Hint. See Example 2.2.9.]
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7. Using Exercise 3 above and Exercises 2.1 #8, prove that every open subset of R is an F,-set

and a Gs-set.

2.3 Basis for a Given Topology

Proposition 2.2.8 told us under what conditions a collection B of subsets of a set X is a basis for
some topology on X. However sometimes we are given a topology 7 on X and we want to know
whether B is a basis for this specific topology 7. To verify that B is a basis for T we could simply
apply Definition 2.2.2 and show that every member of T is a union of members of 5. However,

Proposition 2.3.2 provides us with an alternative method.

But first we present an example which shows that there is a difference between saying that a
collection B of subsets of X is a basis for some topology, and saying that it is a basis for a given

topology.

2.3.1 Example. Let B be the collection of all half-open intervals of the form (a,b], a < b,
where (a,b] = {z:x € R, a <z < b}. Then B is a basis for a topology on R, since R is the union

of all members of B and the intersection of any two half-open intervals is a half-open interval.

However, the topology T which has B as its basis, is not the euclidean topology on R. We
can see this by observing that (a,b] is an open set in R with topology 71, while (a,b] is not an
open set in R with the euclidean topology. (See Exercises 2.1 #1.) So B is a basis for some

topology but not a basis for the euclidean topology on R. 0
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2.3.2 Proposition. Let (X, T) be a topological space. A family B of open subsets of X
is a basis for T if and only if for any point x belonging to any open set U, thereisa B € B
such that x € B C U.

Proof.

We are required to prove that

(i) if B is a basis for T and x € U € T, then there exists a B € B such that x € B C U,
and

(ii) if for each U € T and x € U there exists a B € B such that x € B C U, then B is

a basis for T.

Assume B is a basis for T and x € U € T. As B is a basis for T, the open set U is a union
of members of B; that is, U = U]EJ Bj, where B; € B, for each j in some index set J. But z € U
implies x € B, for some j € J. Thus x € B; C U, as required.

Conversely, assume that for each U € T and each x € U, there existsa B € Bwithx € B C U.

We have to show that every open set is a union of members of 5. So let IV be any open set.
Then for each z € V, there is a B, € B such that z € B, C V. Clearly V = |J ., B.. (Check
this!) Thus V is a union of members of 5. O

2.3.3 Proposition. Let B be a basis for a topology T on a set X. Then a subset U of
X is open if and only if for each x € U there exists a B € B such that z € B C U.

Proof. Let U be any subset of X. Assume that for each x € U, there exists a B, € B such that
v e B, CU. Clearly U = |J,c;; Bo- So U is a union of open sets and hence is open, as required.

The converse statement follows from Proposition 2.3.2. O

Observe that the basis property described in Proposition 2.3.3 is precisely what we used in
defining the euclidean topology on R. We said that a subset U of R is open if and only if for
each z € U, there exist a and b in R with a < b, such that z € (a,b) C U.
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Warning. Make sure that you understand the difference between Proposition 2.2.8 and Proposition
2.3.2. Proposition 2.2.8 gives conditions for a family B of subsets of a set X to be a basis for
some topology on X. However, Proposition 2.3.2 gives conditions for a family B of subsets of a

topological space (X, T) to be a basis for the given topology T .

We have seen that a topology can have many different bases. The next proposition tells us

when two bases B; and B, on the same set X define the same topology.

2.3.4 Proposition. Let By and B, be bases for topologies 71 and T, respectively, on a
non-empty set X. Then T, = T, if and only if

(i) for each B € By and each = € B, there exists a B’ € B, such that z € B' C B, and

(ii) for each B € B, and each x € B, there exists a B’ € B, such that x € B' C B.

Proof.

We are required to show that B; and B, are bases for the same topology if and only if
(i) and (ii) are true.
Firstly we assume that they are bases for the same topology, that is T; = T, and

show that conditions (i) and (ii) hold.

Next we assume that (i) and (ii) hold and show that 7, = T,.

Firstly, assume that 7, = T5. Then (i) and (ii) are immediate consequences of Proposition
2.3.2.

Conversely, assume that B; and B, satisfy the conditions (i) and (ii). By Proposition 2.3.2,
(i) implies that each B € B; is open in (X, T5); that is, B; C T,. As every member of T is a
union of members of T this implies 71 C T 5. Similarly (ii) implies T, C 7. Hence T; = T, as
required. ([l



2.3. BASIS FOR A GIVEN TOPOLOGY 45

2.3.5 Example. Show that the set B of all “open equilateral triangles” with base parallel to
the X-axis is a basis for the euclidean topology on R?. (By an “open triangle” we mean that the

boundary is not included.)

Outline Proof. (We give here only a pictorial argument. It is left to you to write a detailed

proof.)

We are required to show that B is a basis for the euclidean topology.

We shall apply Proposition 2.3.4, but first we need to show that B is a basis for some
topology on R?.

To do this we show that B satisfies the conditions of Proposition 2.2.8.

The first thing we observe is that B is a basis for some topology because it satisfies the
conditions of Proposition 2.2.8. (To see that B satisfies Proposition 2.2.8, observe that R? equals
the union of all open equilateral triangles with base parallel to the X-axis, and that the intersection

of two such triangles is another such triangle.)
Next we shall show that the conditions (i) and (ii) of Proposition 2.3.4 are satisfied.

Firstly we verify condition (i). Let R be an open rectangle with sides parallel to the axes and
any x any point in R. We have to show that there is an open equilateral triangle 7" with base

parallel to the X-axis such that x € T' C R. Pictorially this is easy to see.
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Finally we verify condition (ii) of Proposition 2.3.4. Let 7" be an open equilateral triangle
with base parallel to the X-axis and let y be any point in 7”. Then there exists an open rectangle

R’ such that y € R' CT". Pictorially, this is again easy to see.

Y

So the conditions of Proposition 2.3.4 are satisfied. Thus B is indeed a basis for the euclidean

topology on R ([l

In Example 2.2.9 we defined a basis for the euclidean topology to be the collection of all
“open rectangles” (with sides parallel to the axes). Example 2.3.5 shows that “open rectangles”
can be replaced by “open equilateral triangles” (with base parallel to the X-axis) without changing
the topology. In Exercises 2.3 #1 we see that the conditions above in brackets can be dropped

without changing the topology. Also “open rectangles’ can be replaced by “open discs”?!.

In fact, most books describe the euclidean topology on R? in terms of open discs.



2.3. BASIS FOR A GIVEN TOPOLOGY 47

Exercises 2.3

1. Determine whether or not each of the following collections is a basis for the euclidean
topology on R? :
(i) the collection of all “open” squares with sides parallel to the axes;
(ii) the collection of all “open” discs;
(iii) the collection of all “open” squares;
(iv) the collection of all “open” rectangles.

(v) the collection of all “open” triangles

2. (i) Let B be a basis for a topology on a non-empty set X. If B; is a collection of subsets

of X such that T 2 By O B, prove that B; is also a basis for T .

(ii) Deduce from (i) that there exist an uncountable number of distinct bases for the

euclidean topology on R.

3. Let B={(a,b]:a,b€R,a <b}. Asseen in Example 2.3.1, B is a basis for a topology 7 on
R and T is not the euclidean topology on R. Nevertheless, show that each interval (a,b) is

open in (R, 7).

4.*% Let C0, 1] be the set of all continuous real-valued functions on [0, 1].

(i) Show that the collection M, where M = {M(f,¢) : f € C[0,1] and ¢ is a positive real
number} and M(f,e) = {g : g € C[0,1] and /1|f —g| < 5}, is a basis for a topology
T1 on C[0,1]. "

(ii) Show that the collection U, where U = {U(f,e) : f € C|[0,1] and ¢ is a positive real
number} and U(f,) ={g: g € C[0,1] and sup,¢oq; | f(z) — g(2) |< €}, is a basis for a
topology T, on C|0, 1].

(iii) Prove that T # Ts.



48

10.

11.

12.
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Let (X,7) be a topological space. A non-empty collection S of open subsets of X is said
to be a subbasis for T if the collection of all finite intersections of members of S forms a

basis for 7.

(i) Prove that the collection of all open intervals of the form (a, o) or (—o0, b) is a subbasis

for the euclidean topology on R.
(if) Prove that S = {{a},{a,c,d},{b,c,d,e, f}} is a subbasis for the topology 7; of Example
1.1.2.

Let S be a subbasis for a topology T on the set R. (See Exercise 5 above.) If all of the

closed intervals [a,b], with a < b, are in S, prove that T is the discrete topology.

Let X be a non-empty set and S the collection of all sets X \ {z}, z € X. Prove S is a
subbasis for the finite-closed topology on X.

Let X be any infinite set and T the discrete topology on X. Find a subbasis S for T such

that S does not contain any singleton sets.

Let S be the collection of all straight lines in the plane R?. If S is a subbasis for a topology
T on the set R 2, what is the topology?

Let S be the collection of all straight lines in the plane which are parallel to the X-axis. If

S is a subbasis for a topology T on R?, describe the open sets in (RQ,T).

Let S be the collection of all circles in the plane. If S is a subbasis for a topology 7 on R?,

describe the open sets in (R? T).

Let S be the collection of all circles in the plane which have their centres on the X-axis. If

S is a subbasis for a topology 7 on R?, describe the open sets in (R? 7).
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2.4 Postscript

In this chapter we have defined a very important topological space — R, the set of all real numbers
with the euclidean topology, and spent some time analyzing it. We observed that, in this topology,
open intervals are indeed open sets (and closed intervals are closed sets). However, not all open
sets are open intervals. Nevertheless, every open set in R is a union of open intervals. This led us
to introduce the notion of “basis for a topology” and to establish that the collection of all open

intervals is a basis for the euclidean topology on R.

In the introduction to Chapter 1 we described a mathematical proof as a watertight argument
and underlined the importance of writing proofs. In this chapter we were introduced to proof by
contradiction in Remarks 2.1.2 (v) with another example in Example 2.2.7. Proving “necessary
and sufficient” conditions, that is, “if and only if” conditions, was explained in Proposition 2.2.1,

with further examples in Propositions 2.2.8, 2.3.2, 2.3.3, and 2.3.4.

Bases for topologies is a significant topic in its own right. We saw, for example, that the
collection of all singletons is a basis for the discrete topology. Proposition 2.2.8 gives necessary
and sufficient conditions for a collection of subsets of a set X to be a basis for some topology
on X. This was contrasted with Proposition 2.3.2 which gives necessary and sufficient conditions
for a collection of subsets of X to be a basis for the given topology on X. It was noted that
two different collections B; and B, can be bases for the same topology. Necessary and sufficient

conditions for this are given by Proposition 2.3.4.

We defined the euclidean topology on R", for n any positive integer. We saw that the family
of all open discs is a basis for R?, as is the family of all open squares, or the family of all open

rectangles.

The exercises introduced three interesting ideas. Exercises 2.1 #8 covered the notions of
F,-set and G-set which are important in measure theory. Exercises 2.3 #4 introduced the space
of continuous real-valued functions. Such spaces are called function spaces which are the central
objects of study in functional analysis. Functional analysis is a blend of (classical) analysis and
topology, and was for some time called modern analysis, cf. Simmons [169]. Finally, Exercises

2.3 #5-12 dealt with the notion of subbasis.



Chapter 3

Limit Points

Introduction

On the real number line we have a notion of “closeness”. For example each point in the sequence
.1,.01,.001,.0001, .00001, ... is closer to 0 than the previous one. Indeed, in some sense, 0 is a
limit point of this sequence. So the interval (0, 1] is not closed, as it does not contain the limit
point 0. In a general topological space we do not have a “distance function”, so we must proceed
differently. We shall define the notion of limit point without resorting to distances. Even with
our new definition of limit point, the point 0 will still be a limit point of (0, 1] . The introduction
of the notion of limit point will lead us to a much better understanding of the notion of closed

set.

Another very important topological concept we shall introduce in this chapter is that of
connectedness. Consider the topological space R. While the sets [0,1] U [2,3] and [4,6] could
both be described as having length 2, it is clear that they are different types of sets ... the first
consists of two disjoint pieces and the second of just one piece. The difference between the two

is “topological” and will be exposed using the notion of connectedness.

50
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3.1 Limit Points and Closure

If (X, T) is a topological space then it is usual to refer to the elements of the set X as points.

3.1.1 Definition. Let A be a subset of a topological space (X, T). A point z € X is
said to be a limit point (or accumulation point or cluster point) of A if every open set, U,

containing = contains a point of A different from .

3.1.2 Example. Consider the topological space (X, 7T) where the set X = {a,b,¢,d, e}, the
topology T = {X,0,{a}, {c,d},{a,c,d},{b,c,d,e}}, and A = {a,b,c}. Then b, d, and e are limit

points of A but a and ¢ are not limit points of A.

Proof.

The point a is a limit point of A if and only if every open set containing a contains

another point of the set A.

So to show that a is a limit point of A, it suffices to find even one open set

which contains a but contains no other point of A.

The set {a} is open and contains no other point of A. So a is not a limit point of A.

The set {c,d} is an open set containing ¢ but no other point of A. So ¢ is not a limit point
of A.

To show that b is a limit point of A, we have to show that every open set containing b

contains a point of A other than b.

We shall show this is the case by writing down of the open sets containing b and

verifying that each contains a point of A other than b.

The only open sets containing b are X and {b,c,d, e} and both contain another element of
A, namely c¢. So b is a limit point of A.
The point d is a limit point of A, even though it is not in A. This is so since every open set

containing d contains a point of A. Similarly e is a limit point of A even though it is not in A.(J



52 CHAPTER 3. LIMIT POINTS

3.1.3 Example. Let (X,7T) be a discrete space and A a subset of X. Then A has no limit

points, since for each x € X, {x} is an open set containing no point of A different from x. O

3.1.4 Example. Consider the subset A = [a,b) of R. Then it is easily verified that every

element in [a,b) is a limit point of A. The point b is also a limit point of A. O

3.1.5 Example. Let (X,T) be an indiscrete space and A a subset of X with at least two
elements. Then it is readily seen that every point of X is a limit point of A. (Why did we insist
that A have at least two points?) O

The next proposition provides a useful way of testing whether a set is closed or not.

3.1.6 Proposition. Let A be a subset of a topological space (X, 7). Then A is closed in
(X, T) if and only if A contains all of its limit points.

Proof.

We are required to prove that A is closed in (X, T) if and only if A contains all of its

limit points; that is, we have to show that
(i) if A is a closed set, then it contains all of its limit points, and

(ii) if A contains all of its limit points, then it is a closed set.

Assume that A is closed in (X, T). that p is a limit point of A which belongs to
X\ A. Then X \ A is an open set containing the limit point p of A. Therefore X \ A contains an

element of A. This is clearly false and so we have a contradiction to our supposition. Therefore
every limit point of A must belong to A.

Conversely, assume that A contains all of its limit points. For each z € X\ A, our assumption
implies that there exists an open set U, 3 z such that U,N A = ©; that is, U, C X \ A. Therefore
X\A = U, cx\a U (Check this!) So X\ A is a union of open sets and hence is open. Consequently

its complement, A, is closed. O
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3.1.7 Example. As applications of Proposition 3.1.6 we have the following:
(i) the set [a,b) is not closed in R, since b is a limit point and b ¢ [a, b);

(ii) the set [a,b] is closed in R, since all the limit points of [a,b] (namely all the elements of

[a,b]) are in [a,b];
(iii) (a,b) is not a closed subset of R, since it does not contain the limit point a;

(iv) [a,00) is a closed subset of R. O

3.1.8 Proposition. Let A be a subset of a topological space (X, 7) and A’ the set of all
limit points of A. Then AU A’ is a closed set.

Proof.  From Proposition 3.1.6 it suffices to show that the set AU A’ contains all of limit
points or equivalently that no element of X \ (AU A’) is a limit point of AU A’.

Let pe X\ (AUA’). Asp ¢ A’, there exists an open set U containing p with UN A = {p} or
D. Butpé¢ A, soUNA=0. We claim also that UN A’ = (. For if x € U then as U is an open
setand UNA=0,x¢ A. Thus UNA =0. Thatis, UN(AUA") =, and p € U. This implies
p is not a limit point of AU A" and so AU A’ is a closed set. O

3.1.9 Definition. Let A be a subset of a topological space (X, 7). Then the set AU A’

consisting of A and all its limit points is called the closure of A and is denoted by A.

3.1.10 Remark. It is clear from Proposition 3.1.8 that A is a closed set. By Proposition
3.1.6 and Exercises 3.1 #5 (i), every closed set containing A must also contain the set A’. So
AU A" = A is the smallest closed set containing A. This implies that A is the intersection of all

closed sets containing A. 0
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3.1.11 Example. Let X ={a,b,c,d, e} and
T ={X,0,{a},{c,d},{a,c,d},{b,c,d,e}}.
Show that {b} = {b,e}, {a,c} = X, and {b,d} = {b,c,d, e}.
Proof.
To find the closure of a particular set, we shall find all the closed sets containing that

set and then select the smallest. We therefore begin by writing down all of the closed

sets — these are simply the complements of all the open sets.

The closed sets are O, X, {b,c,d, e}, {a,b,e},{b,e} and {a}. So the smallest closed set
containing {b} is {b,e}; that is, {b} = {b,e}. Similarly {a,c} = X, and {b,d} = {b,c,d, e}. O

3.1.12 Example. Let Q be the subset of R consisting of all the rational numbers. Prove that

Q=R.
Proof. Q # R. Then there exists an € R\ Q. As R\Q is open in R, there exist a, b

with a < b such that = € (a,b) C R\ Q. But in every interval (a,b) there is a rational number ¢;
that is, ¢ € (a,b). So ¢ € R\ Q which implies ¢ € R\ Q. This is a contradiction, as ¢ € Q. Hence
Q=R U

3.1.13 Definition. Let A be a subset of a topological space (X, 7). Then A is said to

be dense in X or everywhere dense in X if A= X.

We can now restate Example 3.1.12 as: Q is a dense subset of R.

Note that in Example 3.1.11 we saw that {a,c} is dense in X.

3.1.14 Example. Let (X,T) be a discrete space. Then every subset of X is closed (since its
complement is open). Therefore the only dense subset of X is X itself, since each subset of X is

its own closure. O
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3.1.15 Proposition. Let A be a subset of a topological space (X, 7). Then A is dense
in X if and only if every non-empty open subset of X intersects A non-trivially (that is, if
UeT and U # O then ANU # Q.)

Proof.  Assume, firstly that every non-empty open set intersects A non-trivially. If A = X, then
clearly Aisdensein X. If A X, letz e X\A fUe€T andzeUthenUNA#D. Sozis a
limit point of A. As z is an arbitrary point in X \ A, every point of X \ A is a limit point of A.
So A’ O X \ A and then, by Definition 3.1.9, A=A UA=X; thatis, A is dense in X.
Conversely, assume A is dense in X. Let U be any non-empty open subset of X.
UNA=0.Thenifz € U, x ¢ A and x is not a limit point of A, since U is an open set containing
x which does not contain any element of A. This is a contradiction since, as A is dense in X,
every element of X \ A is a limit point of A. So our supposition is false and UN A # O, as
required. 0

Exercises 3.1

1. (a) In Example 1.1.2, find all the limit points of the following sets:

(i) {a},

(i) {b,c},

(iii) {a,c,d},

(iv) {b.d,e, f}.
(b) Hence, find the closure of each of the above sets.
(c) Now find the closure of each of the above sets using the method of Example 3.1.11.

2.  Let (Z,T) be the set of integers with the finite-closed topology. List the set of limit points

of the following sets:
(i) A={1,2,3,...,10},

(ii) The set, E, consisting of all even integers.
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3. Find all the limit points of the open interval (a,b) in R, where a < b.

4. (a) What is the closure in R of each of the following sets?

(i) {1,3,5,3,....1,...},
(ii) the set Z of all integers,

(iii) the set P of all irrational numbers.
(b) Let S be a subset of R and a € R. Prove that a € S if and only if for each positive
integer n, there exists an z, € S such that |z, —a| < L.

5. Let S and T be non-empty subsets of a topological space (X, 7) with S C T.

(i) If pis a limit point of the set S, verify that p is also a limit point of the set 7.
(ii) Deduce from (i) that S C T.
(iii) Hence show that if S is dense in X, then T is dense in X.
(iv) Using (iii) show that R has an uncountable number of distinct dense subsets.

(v)* Again using (iii), prove that R has an uncountable number of distinct countable dense

subsets and 2°¢ distinct uncountable dense subsets.

3.2 Neighbourhoods

3.2.1 Definition. Let (X, T) be a topological space, N a subset of X and p a point in
X. Then N is said to be a neighbourhood of the point p if there exists an open set U such
that pe U C N.

3.2.2 Example. The closed interval [0,1] in R is a neighbourhood of the point % since
1e3yclo] O

3.2.3 Example. Theinterval (0,1] in R is a neighbourhood of the point 1, as 1 € (0,3) C (0,1].

But (0, 1] is not a neighbourhood of the point 1. (Prove this.) O
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3.2.4 Example. If (X, T) is any topological space and U € T, then from Definition 3.2.1, it
follows that U is a neighbourhood of every point p € U. So, for example, every open interval (a, b)

in R is a neighbourhood of every point that it contains. 0J

3.2.5 Example. Let (X, T) be a topological space, and N a neighbourhood of a point p. If
S is any subset of X such that N C S, then S is a neighbourhood of p. 0

The next proposition is easily verified, so its proof is left to the reader.

3.2.6 Proposition. Let A be a subset of a topological space (X, 7). A pointz € X is a
limit point of A if and only if every neighbourhood of = contains a point of A different from
T. U

As a set is closed if and only if it contains all its limit points we deduce the following:

3.2.7 Corollary. Let A be a subset of a topological space (X, 7). Then the set A is closed
if and only if for each 2 € X \ A there is a neighbourhood N of x such that N C X\ A. O

3.2.8 Corollary. Let U be a subset of a topological space (X, 7). Then U € T if and
only if for each z € U there exists a neighbourhood N of x such that N C U. U

The next corollary is readily deduced from Corollary 3.2.8.

3.2.9 Corollary. Let U be a subset of a topological space (X, 7). Then U € T if and
only if for each x € U there exists a V € T such that x € V C U. O

Corollary 3.2.9 provides a useful test of whether a set is open or not. It says that a set is

open if and only if it contains an open set about each of its points.
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Exercises 3.2

1. Let A be a subset of a topological space (X, 7). Prove that A is dense in X if and only if
every neighbourhood of each point in X \ A intersects A non-trivially.

2. (i) Let A and B be subsets of a topological space (X, T). Prove carefully that

ANBCANB.
(ii) Construct an example in which
ANB#ANB.

3. Let (X,T) be a topological space. Prove that T is the finite-closed topology on X if and
only if (i) (X, T) is a Ti-space, and (ii) every infinite subset of X is dense in X.

4. A topological space (X, T) is said to be separable if it has a dense subset which is countable.

Determine which of the following spaces are separable:

(i) the set R with the usual topology;

(ii) a countable set with the discrete topology;

(iii) a countable set with the finite-closed topology;
(iv) (X, T) where X is finite;

(v) (X, T) where T is finite;

(vi) an uncountable set with the discrete topology;
(vii) an uncountable set with the finite-closed topology;

(viii) a space (X, T) satisfying the second axiom of countability.
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Let (X, T) be any topological space and A any subset of X. The largest open set contained
in A is called the interior of A and is denoted by Int(A). [It is the union of all open sets in
X which lie wholly in A.]

(i) Prove that in R, Int([0,1]) = (0,1).

(ii) Prove that in R, Int((3,4)) = (3,4).
(iii) Show that if A is open in (X, 7) then Int(A) = A.
(iv) Verify that in R, Int({3}) = O.

(v) Show that if (X, T) is an indiscrete space then, for all proper subsets A of X, Int(A) = .

(vi) Show that for every countable subset A of R, Int(A) = @.

Show that if A is any subset of a topological space (X, T), then Int(A) = X \ (X \ A). (See

Exercise 5 above for the definition of Int.)
Using Exercise 6 above, verify that A is dense in (X, T) if and only if Int(X \ A) = O.

Using the definition of Int in Exercise 5 above, determine which of the following statements
are true for arbitrary subsets A; and A, of a topological space (X, 7)?
(i) Int(A; N Ag) = Int(A;) N Int(A,),
(i) Int(A; U Ag) = Int(A;) UInt(As),
(iii) Ay U Ay = A U A,

(If your answer to any part is “true” you must write a proof. If your answer is “false” you

must give a concrete counterexample.)

Let S be a dense subset of a topological space (X, 7). Prove that for every open subset U

of X, SNU=T.

Let S and T be dense subsets of a space (X, T). If T is also open, deduce from Exercise 9

above that SN 7T is dense in X.
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11. Let B={[a,b):a €R, beQ, a < b}. Prove each of the following statements.

(i) B is a basis for a topology 71 on R. (The space (R, T) is called the Sorgenfrey line.)
(ii) If T is the Euclidean topology on R, then 7, D T.
(iii) For all a,b € R with a < b, [a,b) is a clopen set in (R, 7).
(iv) The Sorgenfrey line is a separable space.

(v)* The Sorgenfrey line does not satisfy the second axiom of countability.

3.3 Connectedness

3.3.1 Remark. We record here some definitions and facts you should already know. Let S
be any set of real numbers. If there is an element b in S such that x < b, for all z € S, then b is
said to be the greatest element of S. Similarly if S contains an element a such that a < z, for
all z € S, then a is called the least element of S. A set S of real numbers is said to be bounded
above if there exists a real number ¢ such that x < ¢, for all z € S, and c is called an upper
bound for S. Similarly the terms “bounded below” and “lower bound” are defined. A set which

is bounded above and bounded below is said to be bounded. [l

Least Upper Bound Axiom: Let S be a non-empty set of real numbers. If S is bounded above,

then it has a least upper bound. O

The least upper bound, also called the supremum, of S may or may not belong to the set
S. Indeed, the supremum of S is an element of S if and only if S has a greatest element. For
example, the supremum of the open interval S = (1,2) is 2 but 2 ¢ (1,2), while the supremum of
[3,4] is 4 which does lie in [3,4] and 4 is the greatest element of [3,4]. Any set of real numbers

which is bounded below has a greatest lower bound which is also called the infimum.
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3.3.2 Lemma. Let S be asubset of R which is bounded above and let p be the supremum

of S. If S is a closed subset of R, then p € S.

Proof. peR\S. As R\ S is open there exist real numbers a and b with a < b such
that p € (a,b) CR\S. As p is the upper bound for S and a < p, it is clear that there exists

an z € S such that a < z. Also z < p < b, and so x € (a,b) C R\ S. But this is a contradiction,

since z € S. Hence our supposition is false and p € S. O

3.3.3 Proposition. Let T be a clopen subset of R. Then either T =R or T' = @.

Proof. T # R and T # . Then there exists an element z € T and an element
z € R\ T. Without loss of generality, assume z < z. Put S = TN [z,z]. Then S, being the

intersection of two closed sets, is closed. It is also bounded above, since z is obviously an upper
bound. Let p be the supremum of S. By Lemma 3.3.2, p € S. Since p € [z,z], p < z. As
zeR\S, p#zandsop<z.

Now T is also an open set and p € T. So there exist a and b in R with a < b such that
p € (a,b) CT. Let t be such that p <t < min(b, z), where min(b, z) denotes the smaller of b and
z.Sote€T andt € [p,z]. Thust € TN[x,z] =S. This is a contradiction since ¢t > p and p is the

supremum of S. Hence our supposition is false and consequently T =R or T' = (). O

3.3.4 Definition. Let (X,7T) be a topological space. Then it is said to be connected if
the only clopen subsets of X are X and O.

So restating Proposition 3.3.3 we obtain:

3.3.5 Proposition. The topological space R is connected. O
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3.3.6 Example. If (X, 7T) is any discrete space with more than one element, then (X, 7) is

not connected as each singleton set is clopen. 0

3.3.7 Example. |If (X, 7) is any indiscrete space, then it is connected as the only clopen sets

are X and . (Indeed the only open sets are X and ©.) O

3.3.8 Example. If X ={a,b,c,d, e} and

T = {X7 @7 {CL}, {Ca d}7 {CL, G, d}’ {b’ ¢ d’ 6}},

then (X, T) is not connected as {b,¢,d, e} is a clopen subset. O

3.3.9 Remark. From Definition 3.3.4 it follows that a topological space (X,7) is not
connected (that is, it is disconnected) if and only if there are non-empty open sets A and B
such that AN B = and AUB = X.! (See Exercises 3.3 #3.)

We conclude this section by recording that R? (and indeed, R", for each n > 1) is a connected

space. However the proof is delayed to Chapter 5.

Connectedness is a very important property about which we shall say a lot more.

Exercises 3.3

1. Let S be a set of real numbers and T'= {z : —z € S}.

(a) Prove that the real number a is the infimum of S if and only if —a is the supremum of

T.

(b) Using (a) and the Least Upper Bound Axiom prove that every non-empty set of real

numbers which is bounded below has a greatest lower bound.

'Most books use this property to define connectedness.
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2. For each of the following sets of real numbers find the greatest element and the least upper
bound, if they exist.
(i) S=R.
(ii) S =Z = the set of all integers.
(iii) S =1[9,10).
(iv) S = the set of all real numbers of the form 1 — % where n is a positive integer.

(v) S=(-0,3|.

3. Let (X, T) be any topological space. Prove that (X, 7T) is not connected if and only if it
has proper non-empty disjoint open subsets A and B such that AU B = X.

4. Is the space (X, T) of Example 1.1.2 connected?
5. Let (X, T) be any infinite set with the finite-closed topology. Is (X, 7) connected?
6. Let (X, T) be an infinite set with the countable-closed topology. Is (X, 7T) connected?

7. Which of the topological spaces of Exercises 1.1 #9 are connected?

3.4 Postscript

In this chapter we have introduced the notion of limit point and shown that a set is closed if and
only if it contains all its limit points. Proposition 3.1.8 then tells us that any set A has a smallest

closed set A which contains it. The set A is called the closure of A.

A subset A of a topological space (X, T) is said to be dense in X if A = X. We saw that Q is
dense in R and the set P of all irrational numbers is also dense in R. We introduced the notion of
neighbourhood of a point and the notion of connected topological space. We proved an important

result, namely that R is connected. We shall have much more to say about connectedness later.

In the exercises we introduced the notion of interior of a set, this being complementary to

that of closure of a set.



Chapter 4

Homeomorphisms

Introduction

In each branch of mathematics it is essential to recognize when two structures are equivalent.
For example two sets are equivalent, as far as set theory is concerned, if there exists a bijective
function which maps one set onto the other. Two groups are equivalent, known as isomorphic, if
there exists a a homomorphism of one to the other which is one-to-one and onto. Two topological
spaces are equivalent, known as homeomorphic, if there exists a homeomorphism of one onto the

other.

4.1 Subspaces

4.1.1 Definition. Let Y be a non-empty subset of a topological space (X, 7). The
collection Ty = {ONY : O € T} of subsets of Y is a topology on Y called the subspace
topology (or the relative topology or the induced topology or the topology induced on Y
by 7). The topological space (Y, Ty) is said to be a subspace of (X, 7).

Of course you should check that 7y is indeed a topology on Y.

64
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4.1.2 Example. Let X ={a,b,c,d,e,f,},

T ={X,0,{a},{c.d} {a,c,d}, {b,c.d,e, f}}

and Y = {b,c,e}. Then the subspace topology on Y is

Ty =1{Y,0,{c}}. O

4.1.3 Example. Let X = {a,b,c,d,e},
T ={X,0,{a},{c,d},{a,c,d}, {b,c,d,e}},
and Y = {a,d,e}. Then the induced topology on Y is

Ty = {Ya @v{a}’{d}’{a> d}>{d7 6}} u

4.1.4 Example. Let B be a basis for the topology 7 on X and let Y be a subset of X. Then
it is not hard to show that the collection By = {BNY : B € B} is a basis for the subspace
topology Ty on Y. [Exercise: verify this.]

So let us consider the subset (1,2) of R. A basis for the induced topology on (1,2) is the
collection {(a,b) N (1,2) : a,b € R, a < b}; thatis, {(a,b) : a,b € R, 1 < a < b < 2} is a basis for
the induced topology on (1,2). O

4.1.5 Example. Consider the subset [1,2] of R. A basis for the subspace topology 7T on [1, 2]
is
{(a,0) N [1,2] : a,b € R, a < b};
that is,
{(a,0):1<a<b<2}U{[1,b): 1 <b<2}U{(a,2]:1<a<2}U{[L1,2]}

is a basis for T.

But here we see some surprising things happening; e.g. [1, 1%) is certainly not an open set in
R, but [1,13) = (0,13) N [1,2], [1,13) is an open set in the subspace [1,2].

Also (1,2] is not open in R but is open in [1,2]. Even [1,2] is not open in R, but is an open
set in [1,2].

So whenever we speak of a set being open we must make perfectly clear in what space or

what topology it is an open set. 0
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4.1.6 Example. Let Z be the subset of R consisting of all the integers. Prove that the
topology induced on Z by the euclidean topology on R is the discrete topology.

Proof.

To prove that the induced topology, 77, on Z is discrete, it suffices, by Proposition
1.1.9, to show that every singleton set in Z is open in Ty; thatis, if n € Z then {n} € Ty

Let n € Z. Then {n} = (n—1,n+1)NZ. But (n—1,n+1) is open in R and therefore {n} is
open in the induced topology on Z. Thus every singleton set in Z is open in the induced topology

on Z. So the induced topology is discrete. 0

Notation. Whenever we refer to
Q = the set of all rational numbers,
7, = the set of all integers,
N = the set of all positive integers,
[P = the set of all irrational numbers,
(a,b), [a,b], [a,b), (—o0,a), (—0,al, (a,o0), or [a,o0)

as topological spaces without explicitly saying what the topology is, we mean the topology induced

as a subspace of R. (Sometimes we shall refer to the induced topology on these sets as the “usual

topology” .)

Exercises 4.1

1. Let X = {a,b,c,d,e} and T = {X,0,{a},{a,b},{a,c,d},{a,b,c,d},{a,b,e}}. List the
members of the induced topologies Ty on Y = {a,c,e} and Tz on Z = {b,¢,d, e}.



4.1.

10.

11.

SUBSPACES 67

Describe the topology induced on the set N of positive integers by the euclidean topology
on R.

Write down a basis for the usual topology on each of the following:

(iv) (—o0,a);
(v) (a,00);
(vi) [a,o0)

[Hint: see Examples 4.1.4 and 4.1.5.]

Let A C B C X and X have the topology 7. Let Tp be the subspace topology on B.
Further let 7, be the topology induced on A by 7, and T, be the topology induced on A
by 7. Prove that T; = 7;. (So a subspace of a subspace is a subspace.)

Let (Y, Ty) be a subspace of a space (X, 7). Show that a subset Z of Y is closed in (Y, Ty)
if and only if Z=ANY, where A is a closed subset of (X, T).

Show that every subspace of a discrete space is discrete.
Show that every subspace of an indiscrete space is indiscrete.

Show that the subspace [0, 1] U [3,4] of R has at least 4 clopen subsets. Exactly how many

clopen subsets does it have?
Is it true that every subspace of a connected space is connected?

Let (Y, Ty) be a subspace of (X, 7). Show that Ty C T if and only if Y € T.

[Hint: Remember Y € Ty ]

Let A and B be connected subspaces of a topological space (X, 7). If AN B # ), prove
that the subspace AU B is connected.
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Let (Y, 7T ) be a subspace of a Ti-space (X, T). Show that (Y, T) is also a T-space.

A topological space (X, T) is said to be Hausdorff (or a T5-space) if given any pair of distinct
points a,b in X there exist open sets U and V such thata e U, be V,and UNV = 0.
(i) Show that R is Hausdorff.
(ii) Prove that every discrete space is Hausdorff.
(iii) Show that any T,-space is also a T-space.
(iv) Show that Z with the finite-closed topology is a T}-space but is not a 7,-space.
(v) Prove that any subspace of a T)-space is a T»-space.

Let (Y, T 1) be a subspace of a topological space (X, T). If (X, T) satisfies the second axiom

of countability, show that (Y, 7;) also satisfies the second axiom of countability.

Let a and b be in R with a < b. Prove that [a, ] is connected.

[Hint: In the statement and proof of Proposition 3.3.3 replace R everywhere by [a, b].]

Let Q be the set of all rational numbers with the usual topology and let P be the set of all
irrational numbers with the usual topology.
(i) Prove that neither Q nor P is a discrete space.
(ii) Is Q or P a connected space?
(iii) Is Q or P a Hausdorff space?
(iv) Does Q or P have the finite-closed topology?
A topological space (X, T) is said to be a regular space if for any closed subset A of X
and any point z € X \ A, there exist open sets U and V such that x € U, A C V, and

UNV =0. If (X,T) is regular and a Ti-space, then it is said to be a T3-space. Prove the

following statements.

(i) Every subspace of a regular space is a regular space.
(i) The spaces R, Z, Q, P, and R ? are regular spaces.

(iii) If (X, T) is a regular T}-space, then it is a Th-space.
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(iv) The Sorgenfrey line is a regular space.

(v)* Let X be the set, R, of all real numbers and S = {2 : n € N}. Define a set C' C R to
be closed if C'= AUT, where A is closed in the euclidean topology on R and T is any
subset of S. The complements of these closed sets form a topology 7 on R which is

Hausdorff but not regular.

4.2 Homeomorphisms

We now turn to the notion of equivalent topological spaces. We begin by considering an example:
X:{a,b,c,d,e}, Y:{gahaiajak}a

T = {X> ®7 {a}> {C7 d}a {a’ ¢, d}'{b’ ¢ d’ 6}}

and
T, = {K ®7{9}7{iaj}a{gai7j}v{hvi7j> k}}

It is clear that in an intuitive sense (X, 7) is “equivalent” to (Y, 7). The function f: X — Y
defined by f(a) =g, f(b) = h, f(c) =1, f(d) = j, and f(e) = k, provides the equivalence. We

now formalize this.

4.2.1 Definition. Let (X,7) and (Y, T,) be topological spaces. Then they are said to

be homeomorphic if there exists a function f : X — Y which has the following properties:
(i) f is one-to-one (that is f(x;) = f(z2) implies 1 = x3),

(ii) f is onto (that is, for any y € Y there exists an z € X such that f(x) = y),

(iii) foreach U e Ty, f~Y(U) € T, and

(iv) foreach Ve T, f(V)e T;.
Further, the map f is said to be a homeomorphism between (X, 7) and (Y, 7). We
write (X, 7T) = (Y, T1).
U
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We shall show that “=" is an equivalence relation and use this to show that all open intervals

AU

(a,b) are homeomorphic to each other. Example 4.2.2 is the first step, as it shows that is a

transitive relation.

4.2.2 Example. Let (X, 7),(Y,7T1) and (Z,T5) be topological spaces. If (X,7) = (Y,T1)
and (Y,T,) = (Z,T,), prove that (X,T) = (Z,73).

Proof.

We are given that (X, 7) = (Y, T1); that is, there exists a homeomorphism f: (X, 7) —
(Y, 71). We are also given that (Y, 71) = (Z,T,); that is, there exists a homeomorphism
9:(Y,T1) = (£, T2).

We are required to prove that (X,7) = (Z,7T2); that is, we need to find a
homeomorphism h : (X,7) — (Z,73). We will prove that the composite map

go f: X — Z is the required homeomorphism.

As (X, T)= (Y, T1) and (Y, T1) = (Z,T3), there exist homeomorphisms f : (X,7) — (Y, T1)
and g: (Y,T1) — (Z,T2). Consider the composite map go f : X — Z. [Thus go f(x) = g(f(z)),
for all z € X.] It is a routine task to verify that g o f is one-to-one and onto. Now let U € T,.
Then, as g is a homeomorphism ¢~'(U) € T,. Using the fact that f is a homeomorphism we
obtain that f~!'(¢7'(U)) € T. But f~'(¢g7*(U)) = (go f)~"(U). So go f has property (iii) of
Definition 4.2.1. Next let V€ T. Then f(V) € 73 and so g(f(V)) € To; thatis go f(V) € T,
and we see that g o f has property (iv) of Definition 4.2.1. Hence g o f is a homeomorphism. [J



4.2. HOMEOMORPHISMS 71

4.2.3 Remark. Example 4.2.2 shows that “=" is a transitive relation. Indeed it is easily

verified that it is an equivalence relation; that is,
(i) (X,7T)=(X,T) [Reflexive]
(i) (X, 7T)=(Y,T,) implies (Y,T1) = (X,T) [Symmetric]

[Observe that if f: (X,7T) — (Y,T1) is a homeomorphism, then its inverse f~!: (Y, T{) —

(X, T) is also a homeomorphism.]

(iii) (X, T)=(Y,T1) and (Y, T1) = (Z,T2) implies (X, T) = (Z,T3). [Transitive].

The next three examples show that all open intervals in R are homeomorphic. Length is
certainly not a topological property. In particular, an open interval of finite length, such as
(0,1), is homeomorphic to one of infinite length, such as (—o0,1). Indeed all open intervals are

homeomorphic to R.
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4.2.4 Example. Prove that any two non-empty open intervals (a, b) and (¢, d) are homeomorphic.

Outline Proof.

By Remark 4.2.3 it suffices to show that (a,b) is homeomorphic to (0,1) and (c,d) is
homeomorphic to (0,1). But as a and b are arbitrary (except that a < b), if (a,b) is
homeomorphic to (0,1) then (¢, d) is also homeomorphic to (0,1). To prove that (a,b)

is homeomorphic to (0, 1) it suffices to find a homeomorphism f: (0,1) — (a,b).

Let a,b, € R with a < b and consider the function f : (0,1) — (a,b) given by
f(z) =a(l —x)+ b

Clearly f:(0,1) — (a,b) is one-to-one and onto. It is also clear from the diagram that the image
under f of any open interval in (0,1) is an open interval in (a,b); that is,
f(open interval in (0,1)) = an open interval in (a,b).
But every open set in (0, 1) is a union of open intervals in (0,1) and so
f(open set in (0,1)) = f(union of open intervals in (0,1))
= union of open intervals in (a,b)
= open set in (a,b).
So condition (iv) of Definition 4.2.1 is satisfied. Similarly, we see that f~! (open set in (a,b)) is
an open set in (0,1). So condition (iii) of Definition 4.2.1 is also satisfied.
[Exercise: write out the above proof carefully.]
Hence f is a homeomorphism and (0,1) = (a,b), for all a,b € R with a < b.

From the above it immediately follows that (a,b) = (¢, d), as required. O
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4.2.5 Example. Prove that the space R is homeomorphic to the open interval (—1,1) with
the usual topology.

Outline Proof. Define f:(—1,1) — R by

=z
I

/()

It is readily verified that f is one-to-one and onto, and a diagrammatic argument like that in

Example 4.2.2 indicates that f is a homeomorphism.

[Exercise: write out a proof that f is a homeomorphism.] 0

4.2.6 Example. Prove that every open interval (a,b), with a < b, is homeomorphic to R.

Proof. This follows immediately from Examples 4.2.5 and 4.2.4 and Remark 4.2.3. 0

4.2.7 Remark. It can be proved in a similar fashion that any two intervals [a,b] and [c,d],

with a < b and ¢ < d, are homeomorphic. O
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Exercises 4.2

(i) Ifa,b,c, and d are real numbers with a < b and ¢ < d, prove that [a,b] = [c, d].

(—00,a] & (—00,b] = [a,00) = [b, ).
(iii) If ¢, d, e, and [ are any real numbers with ¢ < d and e < f, prove that
[c,d) = e, f) = (¢,d] = (e, f].
(iv) Deduce that for any real numbers a and b with a < b,

[0,1) 2 (—o00,a] = [a,0) = [a,b) = (a,b].

Let m and ¢ be non-zero real numbers and X the subspace of R* given by X = {(z,y) : y =

74
1.
(if) If a and b are any real numbers, prove that
2. Prove that Z= N
3.
mx + c}. Prove that X is homeomorphic to R.
4.

(i) Let X, and X, be the closed rectangular regions in R? given by
Xi={(z,y) : |z| <arand |y| < bi}
and Xy = {(z,y) : |z| < ap and |y| < by}

where ay,b;,as, and by, are positive real numbers. If X; and X, are given the induced

topologies from R?, show that X; & X,.
(ii) Let D; and D, be the closed discs in R? given by
Dy ={{z.y) : 2 +y* < a1}
and Dy ={{z,y) : 2* + y* < 3}

where ¢; and ¢, are positive real numbers. Prove that the topological space D; = D,,

where D; and D, have their subspace topologies.

(iii) Prove that X; = D;.
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5. Let X; and X, be subspaces of R given by X; = (0,1) U (3,4) and X, = (0,1) U (1,2). Is
X; = X5? (Justify your answer.)

6. (Group of Homeomorphisms) Let (X,7T) be any topological space and G the set of all

homeomorphisms of X into itself.

(i) Show that G is a group under the operation of composition of functions.
(i) If X =[0,1], show that G is infinite.

(iii) If X =10,1], is G an abelian group?

7. Let (X,7T) and (Y, T;) be homeomorphic topological spaces. Prove that

(i) If (X, T) is a Ty-space, then (Y, T) is a Ty-space.
(i) If (X, T) is a Ti-space, then (Y, T;) is a T}-space.
(iii) If (X, T) is a Hausdorff space, then (Y, T;) is a Hausdorff space.

(iv) If (X, T) satisfies the second axiom of countability, then (Y, 7 ;) satisfies the second

axiom of countability.
(v) If (X, T) is a separable space, then (Y, T) is a separable space.

8.*% Let (X, T) be a discrete topological space. Prove that (X, T) is homeomorphic to a subspace
of R if and only if X is countable.

4.3 Non-Homeomorphic Spaces

To prove two topological spaces are homeomorphic we have to find a homeomorphism between

them.

But, to prove that two topological spaces are not homeomorphic is often much harder as we
have to show that no homeomorphism exists. The following example gives us a clue as to how

we might go about showing this.
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4.3.1 Example. Prove that [0,2] is not homeomorphic to the subspace [0, 1] U [2, 3] of R.
Proof. Let (X,7)=10,2] and (Y,7 ) =[0,1]U[2,3]. Then

[0,1] =1[0,1]NY = [0,1] is closed in (Y, T)

and 0,1] = (—1,11/2)NY = [0,1] is open in (Y, T).

Thus Y is not connected, as it has [0, 1] as a proper non-empty clopen subset.

that (X, 7) = (Y, T1). Then there exists a homeomorphism f: (X, 7) — (Y, T1).
So f71([0,1]) is a clopen subset of X, and hence X is not connected. This is false as [0,2] = X
is connected. (See Exercises 4.1 #15.) So we have a contradiction and thus (X, 7) 2 (Y, 7,).0

What do we learn from this?

4.3.2 Proposition. Any topological space homeomorphic to a connected space is

connected. O

Proposition 4.3.2 gives us one way to try to show two topological spaces are not homeomorphic
. by finding a property “preserved by homeomorphisms” which one space has and the other

does not.



4.3. NON-HOMEOMORPHIC SPACES 77

Amongst the exercises we have met many properties “preserved by homeomorphisms”:

(i) To-space;

(ii) Ti-space;

(iii) Ty-space or Hausdorff space;

(iv) regular space;

(v) Ts-space;

(vi) satisfying the second axiom of countability;

(vii) separable space. [See Exercises 4.2 #7.]

There are also others:

(viii) discrete space;
(ix) indiscrete space;
(x) finite-closed topology;

(xi) countable-closed topology.

So together with connectedness we know twelve properties preserved by homeomorphisms.
Also two spaces (X, T) and (Y, T1) cannot be homeomorphic if X and Y have different cardinalities
or if T and T, have different cardinalities, e.g. X is countable and Y is uncountable.

Nevertheless when faced with a specific problem we may not have the one we need. For
example, show that (0, 1) is not homeomorphic to [0, 1] or show that R is not homeomorphic to

R%. We shall see how to show that these spaces are not homeomorphic shortly.
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Before moving on to this let us settle the following question: which subspaces of R are

connected?

4.3.3 Definition. A subset S of R is said to be an interval if it has the following property:
ifresS, z€ S, and y € R are such that x <y < z, then y € S.

4.3.4 Remarks. Note that each singleton set {z} is an interval.

(ii) Every interval has one of the following forms: {a}, [a,b], (a,b), [a,b), (a,b], (—o0,a), (—o0,al,

(a,00), [a,00), (—o0,0).

(iii) It follows from Example 4.2.6, Remark 4.2.7, and Exercises 4.2 #1, that every interval is
homeomorphic to (0,1), [0,1], [0,1), or {0}. In Exercises 4.3 #1 we are able to make an

even stronger statement.

4.3.5 Proposition. A subspace S of R is connected if and only if it is an interval.

Proof. That all intervals are connected can be proved in a similar fashion to Proposition 3.3.3

by replacing R everywhere in the proof by the interval we are trying to prove connected.

Conversely, let S be connected. r €S ze€S, r<y<z andy¢S. Then
(—o0,y) NS = (—o0,y] N S is an open and closed subset of S. So S has a clopen subset, namely

(—o0,y)NS. To show that S is not connected we have to verify only that this clopen set is proper
and non-empty. It is non-empty as it contains x. It is proper as z € S but z ¢ (—oc0,y) N S. So S

is not connected. This is a contradiction. Therefore S is an interval. O

We now see a reason for the name “connected”. Subspaces of R such as [a, ], (a,b), etc.

are connected, while subspaces like
X =1[0,1]U[2,3] U [5, 6]

which is a union of “disconnected” pieces, are not connected.

Now let us turn to the problem of showing that (0, 1) 2 [0, 1]. Firstly, we present a seemingly

trivial observation.
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4.3.6 Remark. Let f:(X,7T)— (Y,T1) be a homeomorphism. Let a € X, so that X \ {a}
is a subspace of X and has induced topology T,. Also Y \ {f(a)} is a subspace of Y and has
induced topology T3. Then (X \ {a}, T2) is homeomorphic to (Y \ {f(a)}, T3).

Outline Proof. Define g: X \ {a} — Y \ {f(a)} by g(z) = f(z), for all z € X \ {a}. Then it is

easily verified that g is a homeomorphism. (Write down a proof of this.) U

As an immediate consequence of this we have:

4.3.7 Corollary. If a, b, ¢, and d are real numbers with a < b and ¢ < d, then
(i) (a,b) ¥ [c,d),

(i) (a,b) 2 [c,d], and

(iii) [a,b) % [c, d].

Proof. Let (X,7T) = [e,d) and (Y, T1) = (a,b). that (X,7) = (Y,T1). Then
X\ {c} =2Y \{y}, for some y € Y. But, X \ {c} = (¢,d), an interval, and so is connected, while

no matter which point we remove from (a,b) the resultant space is disconnected. Hence

X\ {c} 2Y \ {y}, for each y €Y.

This is a contradiction. So [¢,d) # (a,b).

(ii) [e,d] \ {c} is connected, while (a,b) \ {y} is disconnected for all y € (a,b). Thus
(a,b) 2 [c,d].

(iii) |Suppose|that [a,b) = [c,d]. Then [c,d]\{c} = [a,b)\{y} for some y € [a,b). Therefore
(e, dI\{ep) \{d} = ([a,0) \ {y}) \ {2}, for some = € [a,b) \ {y}; that s, (¢, d) = [a,) \ {y, 2}, for
some distinct y and z in [a,b). But (¢, d) is connected, while [a,b) \ {y, z}, for any two distinct

points y and z in [a,b), is disconnected. So we have a contradiction. Therefore [a,b) % [c,d]. O
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Exercises 4.3

1. Deduce from the above that every interval is homeomorphic to one and only one of the

following spaces:
{0y, (0,1);  [0,1];  [0,1).

. Deduce from Proposition 4.3.5 that every countable subspace of R with more than one

point is disconnected. (In particular, Z and Q are disconnected.)

. Let X be the unit circle in R?* that is, X = {(z,y) : 2> +3? = 1} and has the subspace

topology.

(i) Show that X \ {(1,0)} is homeomorphic to the open interval (0,1).
(ii) Deduce that X 22 (0,1) and X 2|0, 1].

— (iii)] Observing that for every point a € X, the subspace X \ {a} is connected, show
that X 22 [0,1).

(iv) Deduce that X is not homeomorphic to any interval.

. Let Y be the subspace of R? given by

Y={{z,y): 2’ +y* =13 U{{z,9) : (t =2 +y* = 1}

(i) Is Y homeomorphic to the space X in Exercise 3 above?

(ii) 1s Y homeomorphic to an interval?

. Let Z be the subspace of R? given by

Z={{z,y): 2 +y* =1 U{(z,y) : (z = 3/2)’ +¢* = 1}.
Show that

(i) Z is not homeomorphic to any interval, and

(ii) Z is not homeomorphic to X or Y, the spaces described in Exercises 3 and 4 above.

. Prove that the Sorgenfrey line is not homeomorphic to R, R 2, or any subspace of either of

these spaces.
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7. (i) Prove that the topological space in Exercises 1.1 #5 (i) is not homeomorphic to the

space in Exercises 1.1 #9 (ii).

(ii)* In Exercises 1.1 #5, is (X, T 1) = (X, T2)?

(iii)* In Exercises 1.1 # 9, is (X, T3) = (X, Ty)?

8. Let (X, T) be a topological space, where X is an infinite set. Prove each of the following

statements (originally proved by John Ginsburg and Bill Sands).

()* (X,T) has a subspace homeomorphic to (N, 7), where either T, is the indiscrete
topology or (N, 7) is a Ty-space.

(ii)** Let (X, T) be a Ti-space. Then (X, T) has a subspace homeomorphic to (N, 7T3), where
T o is either the finite-closed topology or the discrete topology.

(iii)  Deduce from (ii), that any infinite Hausdorff space contains an infinite discrete subspace

and hence a subspace homeomorphic to N with the discrete topology.

(iv)** Let (X,T) be a Ty-space which is not a Tj-space. Then the space (X,7) has a
subspace homeomorphic to (N,7T;), where T3 consists of N, (),and all of the sets

{1,2,...,n}, n € Nor T3 consists of N, ), and all of the sets {n,n+1,...}, n € N.

(v)  Deduce from the above that every infinite topological space has a subspace homeomorphic
to (N, T,) where T, is the indiscrete topology, the discrete topology, the finite-closed
topology, or one of the two topologies described in (iv), known as the initial segment
topology and the final segment topology, respectively. Further, no two of these five

topologies on N are homeomorphic.
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9. Let (X,T) and (Y, T,) be topological spaces. A map f : X — Y is said to be a local
homeomorphism if each point £ € X has an open neighbourhood U such that f maps U
homeomorphically onto an open subspace V of (Y, T;); that is, if the topology induced on U
by T is T and the topology induced on V' = f(U) by T is T3, then f is a homeomorphism
of (U, T3) onto (V,T3). The topological space (X, T) is said to be locally homeomorphic
to (Y, T 1) if there exists a local homeomorphism of (X, T) into (Y, 7).

(i) If (X,7T) and (Y, T;) are homeomorphic topological spaces, verify that (X, T) is locally
homeomorphic to (Y, 7).

(i) If (X, T) is an open subspace of (Y, T ), prove that (X, T) is locally homeomorphic to
(Y, T1).

(iii)* Prove that if f: (X, T) — (Y, T;) is a local homeomorphism, then f maps every open
subset of (X, 7) onto an open subset of (Y, 7).
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4.4 Postscript

There are three important ways of creating new topological spaces from old ones: forming
subspaces, products, and quotient spaces. We examine all three in due course. Forming subspaces

was studied in this section. This allowed us to introduce the important spaces Q, [a, b], (a,b), etc.

AU

We defined the central notion of homeomorphism. We noted that is an equivalence
relation. A property is said to be topological if it is preserved by homeomorphisms; that is,
if (X,7) = (Y,71) and (X,T) has the property then (Y,7;) must also have the property.
Connectedness was shown to be a topological property. So any space homeomorphic to a
connected space is connected. (A number of other topological properties were also identified.)
We formally defined the notion of an interval in R, and showed that the intervals are precisely

the connected subspaces of R.

Given two topological spaces (X, 7T) and (Y, 7)) it is an interesting task to show whether
they are homeomorphic or not. We proved that every interval in R is homeomorphic to one and
only one of [0,1], (0,1), [0,1), and {0}. In the next section we show that R is not homeomorphic
to R%. A tougher problem is to show that R? is not homeomorphic to R®. This will be done later
via the Jordan curve theorem. Still the creme de la creme is the fact that R" = R™ if and only if

n =m. This is best approached via algebraic topology, which is only touched upon in this book.

Exercises 4.2 #6 introduced the notion of group of homeomorphisms, which is an interesting

and important topic in its own right.



Chapter 5

Continuous Mappings

Introduction

In most branches of pure mathematics we study what in category theory are called “objects” and
“arrows” . In linear algebra the objects are vector spaces and the arrows are linear transformations.
In group theory the objects are groups and the arrows are homomorphisms, while in set theory
the objects are sets and the arrows are functions. In topology the objects are the topological

spaces. We now introduce the arrows ... the continuous mappings.

5.1 Continuous Mappings

Of course we are already familiar! with the notion of a continuous function from R into R.

A function f : R — R is said to be continuous if for each a € R and each positive real
number ¢, there exists a positive real number ¢ such that | x —a |< ¢ implies | f(z) — f(a) |< e.

It is not at all obvious how to generalize this definition to general topological spaces where we
do not have “absolute value” or “subtraction”. So we shall seek another (equivalent) definition
of continuity which lends itself more to generalization.

It is easily seen that f: R — R is continuous if and only if for each a € R and each interval
(f(a) — e, f(a) +€), for € > 0, there exists a § > 0 such that f(x) € (f(a) — ¢, f(a) + ¢) for all
re(a—3d,a+90).

This definition is an improvement since it does not involve the concept “absolute value” but

it still involves ‘“subtraction”. The next lemma shows how to avoid subtraction.

1The early part of this section assumes that you have some knowledge of real analysis and, in particular, the e—§
definition of continuity. If this is not the case, then proceed directly to Definition 5.1.3.

84
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5.1.1 Lemma. Let f be a function mapping R into itself. Then f is continuous if and
only if for each @ € R and each open set U containing f(a), there exists an open set V/

containing a such that f(V) C U.

Proof. Assume that f is continuous. Let a € R and let U be any open set containing f(a).
Then there exist real numbers ¢ and d such that f(a) € (¢,d) C U. Put ¢ equal to the smaller of
the two numbers d — f(a) and f(a) — ¢, so that

(f(a) — ¢, f(a)+¢) CU.

As the mapping f is continuous there exists a 0 > 0 such that f(z) € (f(a) — ¢, f(a) +¢) for all
r € (a—0,a+J). Let V be the open set (a—0,a+3). Thena €V and f(V) C U, as required.

Conversely assume that for each a € R and each open set U containing f(a) there exists an
open set V' containing a such that f(V') C U. We have to show that f is continuous. Let a € R
and ¢ be any positive real number. Put U = (f(a) — ¢, f(a) +¢). So U is an open set containing
f(a). Therefore there exists an open set V' containing a such that f(V)) CU. As V is an open set
containing a, there exist real numbers ¢ and d such that a € (¢,d) C V. Put § equal to the smaller
of the two numbers d —a and a — ¢, so that (a — 4§, a+9) C V. Then for all z € (a — 4, a+9),
f(z) € f(V) CU, as required. So f is continuous. O

We could use the property described in Lemma 5.1.1 to define continuity, however the

following lemma allows us to make a more elegant definition.
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5.1.2 Lemma. Let f be a mapping of a topological space (X, T) into a topological space

(Y, T'). Then the following two conditions are equivalent:
(i) foreach U e T/, [~} U)eT,

(ii) for each a € X and each U € T’ with f(a) € U, there exists a V' € T such that a € V
and f(V) C U.

Proof.  Assume that condition (i) is satisfied. Let a € X and U € T’ with f(a) € U. Then
Y U)eT. Put V= f1U), and we have that a € V, V € T, and f(V) C U. So condition (ii)

is satisfied.

Conversely, assume that condition (ii) is satisfied. Let U € T'. If f~}(U) = @ then clearly
fFUOYeT. If f7YU) # O, let a € f~1(U). Then f(a) € U. Therefore there exists a V € T such
thata € V and f(V) C U. So foreach a € f~}(U) there existsa V € T such thata € V C f~1(U).
By Corollary 3.2.9 this implies that f~!(U) € T. So condition (i) is satisfied. O

So putting together Lemmas 5.1.1 and 5.1.2 we see that f : R — R is continuous if and only
if for each open subset U of R, f~!(U) is an open set.

This leads us to define the notion of a continuous function between two topological spaces

as follows:

5.1.3 Definition. Let (X,7T) and (Y, T ) be topological spaces and f a function from X
into Y. Then f: (X,T) — (Y,T,) is said to be a continuous mapping if for each U € T,
U)er.

From the above remarks we see that this definition of continuity coincides with the usual

definition when (X, 7) = (Y, 7T1) = R.
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Let us go through a few easy examples to see how nice this definition of continuity is to

apply in practice.

5.1.4 Example. Consider f: R — R given by f(z) = z, for all z € R; that is, f is the identity

function. Then for any open set U in R, f~}(U) = U and so is open. Hence f is continuous. []

5.1.5 Example. Let f:R — R be given by f(z) = ¢, for ¢ a constant, and all z € R. Then
let U be any open set in R. Clearly f~}(U) =R ifce U and @ if cZ U. In both cases, f~1(U) is

open. So f is continuous. O

5.1.6 Example. Consider f: R — R defined by

xr—1, if £ <3
flz) =, .
s(x+5), ifz>3.
. /
4
3
2
1
1 2 3 4 5

Recall that a mapping is continuous if and only if the inverse image of every open set

is an open set.

Therefore, to show f is not continuous we have to find only one set U such that

f~YU) is not open.

Then f71((1,3)) = (2, 3], which is not an open set. Therefore f is not continuous. O
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Note that Lemma 5.1.2 can now be restated in the following way.?

5.1.7 Proposition. Let f be a mapping of a topological space (X, T) into a space (Y, T ).
Then f is continuous if and only if for each x € X and each U € T’ with f(x) € U, there
exists a V € T such that z € V and f(V) C U. O

5.1.8 Proposition. Let (X,7),(Y,T:) and (Z, T3) be topological spaces. If f: (X,T) —
(Y,T1) and g : (Y,71) — (Z,T,) are continuous mappings, then the composite function
gof:(X,T)— (Z,T2) is continuous.

Proof.

To prove that the composite function go f : (X, T) — (Z,T3) is continuous, we have to

show that if U € Ty, then (go f)"}(U) e T.
But (go f)7(U) = (g7 (V)).

Let U be open in (Z,T5). Since g is continuous, g~ !(U) is open in T1. Then f~!(¢g7(U)) is
open in T as f is continuous. But f~!(¢7(U)) = (9o f)"'(U). Thus go f is continuous. O

The next result shows that continuity can be described in terms of closed sets instead of

open sets if we wish.

5.1.9 Proposition.  Let (X,7) and (Y,71) be topological spaces. Then f : (X,7T) —
(Y, T1) is continuous if and only if for every closed subset S of Y, f~!(S) is a closed subset
of X.

Proof.  This results follows immediately once you recognize that

f*(complement of S) = complement of f~*(S). O

2If you have not read Lemma 5.1.2 and its proof you should do so now.
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5.1.10 Remark. There is a relationship between continuous maps and homeomorphisms: if
f:(X,T) — (Y,T1) is a homeomorphism then it is a continuous map. Of course not every
continuous map is a homeomorphism.

However the following proposition, whose proof follows from the definitions of “continuous”

and “homeomorphism” tells the full story.

5.1.11 Proposition. Let (X,7) and (Y, T ') be topological spaces and f a function from
X into Y. Then f is a homeomorphism if and only if

(i) f is continuous,
(ii) f is one-to-one and onto; that is, the inverse function f~!:Y — X exists, and

(iii) f~' is continuous. O

A useful result is the following proposition which tells us that the restriction of a continuous

map is a continuous map. lts routine proof is left to the reader — see also Exercise Set 5.1 #8.

5.1.12 Proposition. Let (X,7) and (Y, T;) be topological spaces, f: (X,T) — (Y, T1)
a continuous mapping, A a subset of X, and T, the induced topology on A. Further let
g: (A, T2) — (Y, T1) be the restriction of f to A; that is, g(z) = f(z), for all x € A. Then g

is continuous.
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Exercises 5.1
1. (i) Let f:(X,T)— (Y,T1) be a constant function. Show that f is continuous.
(i) Let f: (X, T) — (X, T) be the identity function. Show that f is continuous.
2. Let f:R — R be given by
-1, =<0
€Tr) =
/(@) { 1, x>0.
(i) Prove that f is not continuous using the method of Example 5.1.6.
(ii) Find f~*{1} and, using Proposition 5.1.9, deduce that f is not continuous.
3. Let f:R — R be given by
T, r<1
€Tr) =
/(@) {x—l—Z, x> 1.
Is f continuous? (Justify your answer.)
4. Let (X, T) be the subspace of R given by X = [0,1] U [2,4]. Define f: (X,7T) — R by
1, if ze€l0,1
floy={ b 1 oeell
2, if zel24].
Prove that f is continuous. (Does this surprise you?)
5. Let (X,T) and (Y, T;) be topological spaces and B; a basis for the topology 7. Show that
amap f:(X,T)— (Y,T,) is continuous if and only if f~1(U) € T, for every U € B;.
6. Let (X,7) and (Y,T;) be topological spaces and f a mapping of X into Y. If (X, 7T) is a
discrete space, prove that f is continuous.
7. Let (X,T) and (Y, T;) be topological spaces and f a mapping of X into Y. If (Y, T,) is an
indiscrete space, prove that f is continuous.
8. Let (X, T)and (Y, T;) be topological spaces and f : (X,7T) — (Y, T1) a continuous mapping.

Let A be a subset of X, T, the induced topology on A, B = f(A), T3 the induced topology
on B and g: (A, T2) — (B,73) the restriction of f to A. Prove that g is continuous.
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Let f be a mapping of a space (X, T) into a space (Y,T’). Prove that f is continuous if
and only if for each x € X and each neighbourhood N of f(x) there exists a neighbourhood
M of x such that f(M) C N.

Let 71 and T2 be two topologies on a set X. Then T, is said to be a finer topology than
7> (and T is said to be a coarser topology than 7;) if 71 D T5. Prove that

(i) the Euclidean topology R is finer than the finite-closed topology on R;

(i) the identity function f : (X,71) — (X, T2) is continuous if and only if T, is a finer
topology than T,.

Let f : R — R be a continuous function such that f(q) = 0 for every rational number gq.

Prove that f(z) = 0 for every x € R.

Let (X, 7) and (Y, T ) be topological spaces and f: (X, 7T) — (Y, T;) a continuous map. If

f is one-to-one, prove that

(i) (Y, T1) Hausdorff implies (X, 7) Hausdorff.

(i) (Y, T1) a Ti-space implies (X, T) is a T;-space.

Let (X,7) and (Y, T1) be topological spaces and let f be a mapping of (X, T) into (Y, T ).

Prove that f is continuous if and only if for every subset A of X, f(A) C f(A).

[Hint: Use Proposition 5.1.9.]

Intermediate Value Theorem

5.2.1 Proposition. Let (X,7)and (Y, T ) be topological spaces and f : (X, 7) — (Y, T1)

surjective and continuous. If (X, T) is connected, then (Y, T ) is connected.

Proof. Suppose (Y, T) is not connected. Then it has a clopen subset U such that U # ) and

U#Y. Then f~1(U) is an open set, since f is continuous, and also a closed set, by Proposition
5.1.9; that is, f~1(U) is a clopen subset of X. Now f~}(U) # @ as f is surjective and U # (.
Also f~1(U) # X, since if it were U would equal Y, by the surjectivity of f. Thus (X, T) is not

connected. This is a contradiction. Therefore (Y, 7T) is connected. U
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5.2.2 Remarks. (i) The above proposition would be false if the condition “surjective” were

dropped. (Find an example of this.)
(ii) Simply put, Proposition 5.2.1 says: any continuous image of a connected set is connected.

(iii) Proposition 5.2.1 tells us that if (X,7) is a connected space and (Y, 7’) is not connected
(i.e. disconnected) then there exists no mapping of (X, 7T) onto (Y, T’) which is continuous.
For example, while there are an infinite number of mappings of R onto Q (or onto Z),
none of them are continuous. Indeed in Exercise Set 5.2 # 10 we observe that the only

continuous mappings of R into Q (or into Z) are the constant mappings. OJ

The following strengthened version of the notion of connectedness is often useful.

5.2.3 Definition. A topological space (X, T) is said to be path-connected (or pathwise
connected if for each pair of distinct points a and b of X there exists a continuous mapping
f 00,1 — (X, T), such that f(0) = a and f(1) = b. The mapping f is said to be a path

joining a to b.

5.2.4 Example. It is readily seen that every interval is path-connected. 0
5.2.5 Example. For each n > 1, R" is path-connected. O
5.2.6 Proposition.  Every path-connected space is connected.

Proof. Let (X,7) be a path-connected space and suppose that it is not connected.

Then it has a proper non-empty clopen subset U. So there exist a and b such that a € U
and b€ X \U. As (X, T) is path-connected there exists a continuous function f : [0,1] — (X, T)
such that f(0) =a and f(1) =b.

However, f~!(U) is a clopen subset of [0,1]. Asa € U, 0 € f~1(U) and so f~}(U) # . As
bg U, 1¢ f~Y(U) and thus f~'(U) # [0,1]. Hence f~'(U) is a proper non-empty clopen subset
of [0, 1], which contradicts the connectedness of [0, 1].

Consequently (X, T) is connected. O
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5.2.7 Remark. The converse of Proposition 5.2.6 is false; that is, not every connected space

is path-connected. An example of such a space is the following subspace of R*:
X ={{z,y) :y=sin(l/z), 0 <z <1} U{(0,y) : -1 <y < 1}.

[Exercise Set 5.2 #6 shows that X is connected. That X is not path-connected can be seen by
showing that there is no path joining (0,0) to, say, the point (1/7,0). Draw a picture and try to

convince yourself of this.] O

We can now show that R 2 R

5.2.8 Example.  Clearly R?\ {(0,0)} is path-connected and hence, by Proposition 5.2.6, is
connected. However R\ {a}, for any a € R, is disconnected. Hence R % R”. O

We now present the Weierstrass Intermediate Value Theorem which is a beautiful application
of topology to the theory of functions of a real variable. The topological concept crucial to the

result is that of connectedness.

5.2.9 Theorem. (Weierstrass Intermediate Value Theorem) Let f : [a,b] — R be
continuous and let f(a) # f(b). Then for every number p between f(a) and f(b) there is a
point ¢ € [a, b] such that f(c) = p.

Proof. As [a,b] is connected and f is continuous, Proposition 5.2.1 says that f([a,b]) is
connected. By Proposition 4.3.5 this implies that f([a,b]) is an interval. Now f(a) and f(b) are
in f([a,b]). So if p is between f(a) and f(b), p € f([a,b]), thatis, p = f(c), for some ¢ € [a,b]. O

5.2.10 Corollary. If f : [a,b] — R is continuous and such that f(a) > 0 and f(b) < 0,
then there exists an x € [a, ] such that f(z) = 0. O
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5.2.11 Corollary. (Fixed Point Theorem) Let f be a continuous mapping of [0, 1] into
[0,1]. Then there exists a z € [0, 1] such that f(z) = z. (The point z is called a fixed point.)

Proof. If f(0) = 0 or f(1) = 1, the result is obviously true. Thus it suffices to consider the
case when f(0) >0 and f(1) < 1.

Let g : [0,1] — R be defined by g(z) = x — f(z). Then g is continuous, g(0) = —f(0) < 0,
and ¢g(1) = 1 — f(1) > 0. Consequently, by Corollary 5.2.10, there exists a z € [0, 1] such that
g(z) =0; that is, z — f(z) =0 or f(z) = =. O

5.2.12 Remark. Corollary 5.2.11 is a special case of a very important theorem called the
Brouwer Fixed Point Theorem which says that if you map an n-dimensional cube continuously
into itself then there is a fixed point. [There are many proofs of this theorem, but most depend
on methods of algebraic topology. An unsophisticated proof is given on pp. 238-239 of the book
“Introduction to Set Theory and Topology”, by K. Kuratowski (Pergamon Press, 1961).]

Exercises 5.2

1.  Prove that a continuous image of a path-connected space is path-connected.

2. Let f be a continuous mapping of the interval [a, b] into itself, where a and b € R and a < b.

Prove that there is a fixed point.

3. (i) Give an example which shows that Corollary 5.2.11 would be false if we replaced [0, 1]

everywhere by (0,1).

(ii) A topological space (X, T) is said to have the fixed point property if every continuous
mapping of (X, T) into itself has a fixed point. Show that the only intervals having the

fixed point property are the closed intervals.

(iii) Let X be a set with at least two points. Prove that the discrete space (X, 7) and the

indiscrete space (X, T ') do not have the fixed-point property.
(iv) Does a space which has the finite-closed topology have the fixed-point property?

(v) Prove that if the space (X, T) has the fixed-point property and (Y,7;) is a space
homeomorphic to (X, T), then (Y, T;) has the fixed-point property.
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Let {A; : j € J} be a family of connected subspaces of a topological space (X, 7). If
M A; # O, show that [J A, is connected.

j€J jeJ

Let A be a connected subspace of a topological space (X, T). Prove that A is also connected.

Indeed, show that if A C B C A, then B is connected.

(i) Show that the subspace Y = {(z,y) : y =sin(1/x), 0 < x < 1} of R? is connected.
[Hint: Use Proposition 5.2.1.]

(i) Verify that Y =Y U {{0,9) : -1 <y < 1}

(iii) Using Exercise 5, observe that Y is connected.

Let £ be the set of all points in R? having both coordinates rational. Prove that the space

R?\ E is path-connected.
Let C' be any countable subset of R?. Prove that the space R?\ C' is path-connected.

Let (X, T) be a topological space and a any point in X. The component in X of a, Cx(a),
is defined to be the union of all connected subsets of X which contain a. Show that
(i) Cx(a) is connected. (Use Exercise 4 above.)
(ii) Cx(a) is the largest connected set containing a.
(iii) Cx(a) is closed in X. (Use Exercise 5 above.)

A topological space (X, T) is said to be totally disconnected if every non-empty connected

subset is a singleton set. Prove the following statements.
(i) (X, T) is totally disconnected if and only if for each a € X, Cx(a) = {a}. (See the
notation in Exercise 9.)
(ii) The set Q of all rational numbers with the usual topology is totally disconnected.

(iii) If f is a continuous mapping of R into @, prove that there exists a ¢ € Q such that
f(z) =¢, for all x € R.

(iv) Every subspace of a totally disconnected space is totally disconnected.
(v) Every countable subspace of R? is totally disconnected.

(vi) The Sorgenfrey line is totally disconnected.
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11. (i) Using Exercise 9, define, in the natural way, the “path-component” of a point in a
topological space.
(ii) Prove that, in any topological space, every path-component is a path-connected space.

(iii) If (X,7T) is a topological space with the property that every point in X has a
neighbourhood which is path-connected, prove that every path-component is an open

set. Deduce that every path-component is also a closed set.

(iv) Using (iii), show that an open subset of R* is connected if and only if it is path-

connected.

12.* Let A and B be subsets of a topological space (X, 7). If A and B are both open or both
closed, and AU B and AN B are both connected, show that A and B are connected.

13. A topological space (X, T) is said to be zero-dimensional if there is a basis for the topology
consisting of clopen sets. Prove the following statements.
(i) Q and P are zero-dimensional spaces.
(ii) A subspace of a zero-dimensional space is zero-dimensional.
(iii) A zero-dimensional Hausdorff space is totally disconnected. (See Exercise 10 above.)
(iv) Every indiscrete space is zero-dimensional.
(v) Every discrete space is zero-dimensional.
(vi) Indiscrete spaces with more than one point are not totally disconnected.
(vii) A zero-dimensional Ty-space is Hausdorff.

(viii)* A subspace of R is zero-dimensional if and only if it is totally disconnectd.

14. Show that every local homeomorphism is a continuous mapping. (See Exercises 4.3#9.)
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5.3 Postscript

In this chapter we said that a mapping® between topological spaces is called “continuous” if it
has the property that the inverse image of every open set is an open set. This is an elegant
definition and easy to understand. It contrasts with the one we meet in real analysis which was
mentioned at the beginning of this section. We have generalized the real analysis definition, not

for the sake of generalization, but rather to see what is really going on.

The Weierstrass Intermediate Value Theorem seems intuitively obvious, but we now see it
follows from the fact that R is connected and that any continuous image of a connected space is

connected.

We introduced a stronger property than connected, namely path-connected. In many cases
it is not sufficient to insist that a space be connected, it must be path-connected. This property

plays an important role in algebraic topology.

We shall return to the Brouwer Fixed Point Theorem in due course. It is a powerful theorem.
Fixed point theorems play important roles in various branches of mathematics including topology,

functional analysis, and differential equations. They are still a topic of research activity today.

In Exercises 5.2 #9 and #10 we met the notions of “component” and “totally disconnected” .

Both of these are important for an understanding of connectedness.

3Warning: Some books use the terms “mapping” and “map”’ to mean continuous mapping. We do not.



Chapter 6

Metric Spaces

Introduction

The most important class of topological spaces is the class of metric spaces. Metric spaces
provide a rich source of examples in topology. But more than this, most of the applications of

topology to analysis are via metric spaces.

6.1 Metric Spaces

6.1.1 Definition. Let X be a non-empty set and d a real-valued function defined on

X x X such that for a,b € X:
(i) d(a,b) >0 and d(a,b) =0 if and only if a = b,
(i) d(a,b) = d(b,a) and
(iii) d(a,c) < d(a,b) + d(b,c), [the triangle inequality] for all a,b and c in X.

Then d is said to be a metric on X, (X, d) is called a metric space and d(a, b) is referred to

as the distance between a and b.

98



6.1. METRIC SPACES 99
6.1.2 Example. The function d: R x R — R given by
d(a,b) =la—10|, a,beR
is @ metric on the set R since
(i) la—0b] >0, for all @ and b in R, and |a — b| = 0 if and only if a = b,

(ii) |a —b] =|b—a|, and

(iii) |a —c| <la —b| +|b—¢|. (Deduce this from |z + y| < |z| + |y|.)

We call d the euclidean metric on R. [l

6.1.3 Example. The function d : R* x R? — R given by

d({a1, az), (b1, b2)) = /(a1 — b1)? + (az — by)?

is a metric on R? called the euclidean metric on R?.

(b1, b2)

(a1, az)

6.1.4 Example. Let X be a non-empty set and d the function from X x X into R defined by

d(a,b) 0, ifa=b
a’ = .
1, ifa#b.

Then d is a metric on X and is called the discrete metric. O
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Many important examples of metric spaces are “function spaces". For these the set X on

which we put a metric is a set of functions.

6.1.5 Example. Let C[0, 1] denote the set of continuous functions from [0, 1] into R. A metric

is defined on this set by
1
dt.9)= [ 1@ - glo)] do
0
where f and g are in C[0, 1].

A moment'’s thought should tell you that d(f, g) is precisely the area of the region which lies

between the graphs of the functions and the lines z = 0 and x = 1, as illustrated below.

Y

o
=
=<\
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6.1.6 Example.  Again let C[0,1] be the set of all continuous functions from [0, 1] into R.

Another metric is defined on C[0, 1] as follows:
d*(f,9) = sup{[f(2) — g(2)| : = € [0, 1]}.

Clearly d*(f,g) is just the largest vertical gap between the graphs of the functions f and g.

Y|
f
g
0 1 ~
O
6.1.7 Example. We can define another metric on R? by putting
d*({a1, az), (b1, b2)) = max{|a; — bi|,[az — bal}
where max{x,y} equals the larger of the two numbers = and y. O

6.1.8 Example. Yet another metric on R? is given by

d1(<a1,a2>7<bl,b2>) = |a1—b1|—|—|a2—b2|. O]
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A rich source of examples of metric spaces is the family of normed vector spaces.

6.1.9 Example. Let V be a vector space over the field of real or complex numbers. A norm

| || on V' is a map : V — R such that for all a,b € V' and X in the field
(i) |a||>0and || a|=0 if and only if a =0,

(i) fat+bli<lall+] b and

(iii) [ Aa fl= AL a I

A normed vector space (V|| ||) is a vector space V' with a norm || |.

Let (V|| ||) be any normed vector space. Then there is a corresponding metric on the set V
given by d(a,b) =||a—10b |, for a and b in V.
It is easily checked that d is indeed a metric. So every normed vector space is also a metric

space in a natural way.

For example, R? is a normed vector space if we put

| (x1, 22, 23) [|= \/23 + 2%+ 2%, for z1,29, and z3 in R.

So R? becomes a metric space if we put

d(<a1, by, C1>, <G2, ba, 02>) = H (Cbl —ag, by — by, c; — Cz) H

= \/(al —a2)?+ (b — b2)?2 + (c1 — 2)? .

Indeed R", for any positive integer n, is a normed vector space if we put

| (@1,22, ., @) 1= /o + 2§+ 42

So R" becomes a metric space if we put

d(<a17a27"'aan>7<b1ab27"'7bn>> = || <CL1 _b17a2 _b27"'7an _bTL> ||
= Va1 —b1)> + (a2 — b2)? + -+ + (an — bn)? . O
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In a normed vector space (NN, || ||) the open ball with centre a and radius r is defined to be

the set
By(a)={z:z €V and ||z —al<r}.

This suggests the following definition for metric spaces:

6.1.10 Definition. Let (X,d) be a metric space and r any positive real number. Then

the open ball about o € X of radius r is the set B.(a) = {z: z € X and d(a,z) <7}.

6.1.11 Example. In R with the euclidean metric B,(a) is the open interval (a —r,a+r). O

6.1.12 Example. In R? with the euclidean metric, B,(a) is the open disc with centre a and
radius 7.
A
/// \
// \‘
\
.' a-—lr
\ I
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6.1.13 Example. In R* with the metric d* given by
d*(<a17 CL2>, <b17 bz) = max{|a1 - b1|7 |a2 - 52|}7

the open ball B;((0,0)) looks like

6.1.14 Example. In R? with the metric d; given by
di({a1,az), (b1,b2)) = a1 — b1| + [az — by,

the open ball B;((0,0)) looks like
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The proof of the following Lemma is quite easy (especially if you draw a diagram) and so is

left for you to supply.

6.1.15 Lemma. Let (X,d) be a metric space and a and b points of X. Further, let §;
and J, be positive real numbers. If ¢ € By, (a) N By, (b), then there exists a § > 0 such that
B(s(C) C Bs, (a) N Bs, (b) [l

The next Corollary follows in a now routine way from Lemma 6.1.15.

6.1.16 Corollary. Let (X,d) be a metric space and B; and B, open balls in (X, d). Then
By N By is a union of open balls in (X, d). 0

Finally we are able to link metric spaces with topological spaces.

6.1.17 Proposition. Let (X,d) be a metric space. Then the collection of open balls in
(X,d) is a basis for a topology T on X.

[The topology T is referred to as the topology induced by the metric d, and (X, T) is called the
induced topological space or the corresponding topological space or the associated topological

space.]

Proof.  This follows from Proposition 2.2.8 and Corollary 6.1.16. U

6.1.18 Example. If d is the euclidean metric on R then a basis for the topology 7T induced
by the metric d is the set of all open balls. But Bs(a) = (a — ¢, a + §). From this it is readily
seen that 7 is the euclidean topology on R. So the euclidean metric on R induces the euclidean

topology on R. 0
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6.1.19 Example. From Exercises 2.3 #1 (ii) and Example 6.1.12, it follows that the euclidean

metric on the set R? induces the euclidean topology on R?. ([l
6.1.20 Example. From Exercises 2.3 #1 (i) and Example 6.1.13 it follows that the metric d*
also induces the euclidean topology on the set R?. 0

It is left as an exercise for you to prove that the metric d; of Example 6.1.14 also induces

the euclidean topology on R?.

6.1.21 Example.  If d is the discrete metric on a set X then for each z € X, B, (x) = {z}.
So all the singleton sets are open in the topology 7 induced on X by d. Consequently, T is the
discrete topology. 0

We saw in Examples 6.1.19, 6.1.20, and 6.1.14 three different metrics on the same set which

induce the same topology.

6.1.22 Definition. = Two metrics on a set X are called equivalent if they induce the same

topology on X.

So the metrics d, d*, and d;, of Examples 6.1.3, 6.1.13, and 6.1.14 on R? are equivalent.

6.1.23 Proposition. Let (X,d) be a metric space and T the topology induced on X by
the metric d. Then a subset U of X is open in (X, 7T) if and only if for each a € U there
exists an € > 0 such that the open ball B.(a) C U.

Proof. Assume that U € T. Then, by Propositions 2.3.2 and 6.1.17, for any a € U there exists
a point b € X and a 6 > 0 such that
a € Bg(b) cU.

Let e = — d(a,b). Then it is readily seen that
a € B:(a) CU.

Conversely, assume that U is a subset of X with the property that for each a € U there exists an

£, > 0 such that B, (a) C U. Then, by Proposition 2.3.3, U is an open set. O
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We have seen that every metric on a set X induces a topology 7 on the set X. However,
we shall now show that not every topology on a set is induced by a metric. First, a definition

which you have already met in the exercises. (See Exercises 4.1 #13. )

6.1.24 Definition. A topological space (X, T) is said to be a Hausdorff space (or a
Ty-space) if for each pair of distinct points a and b in X, there exist open sets U and V such
thatae U, beV,and UNV = .

Of course R, R? and all discrete spaces are examples of Hausdorff spaces, while any set with
at least 2 elements and which has the indiscrete topology is not a Hausdorff space. With a little
thought we see that Z with the finite-closed topology is also not a Hausdorff space. (Convince

yourself of all of these facts.)

6.1.25 Proposition. Let (X, d) be any metric space and T the topology induced on X
by d. Then (X, T) is a Hausdorff space.

Proof. Let @ and b be any points of X, with a # b. Then d(a,b) > 0. Put ¢ = d(a,b).
Consider the open balls B./;(a) and B.3(b). Then these are open sets in (X, T), a € B./;(a), and
b € B.2(b). So to show T is Hausdorff we have to prove only that B, s(a) N B,/ (b) = O.

Suppose = € B./3(a) N B.j2(b). Then d(z,a) < § and d(z,b) < 5. Hence

d(a,b) < d(a,x)+d(z,b)

€+€_E
2 2 7

This says d(a,b) < ¢, which is false. Consequently there exists no = in B./y(a) N B.2(b); that is,
B.3(a) N Bej2(b) = O, as required. O

6.1.26 Remark. Putting Proposition 6.1.25 together with the comments which preceded it,
we see that an indiscrete space with at least two points has a topology which is not induced by
any metric. Also Z with the finite-closed topology T is such that T is not induced by any metric
on Z. 0J
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6.1.27 Definition. A space (X, T) is said to be metrizable if there exists a metric d on

the set X with the property that 7 is the topology induced by d.

So, for example, the set Z with the finite-closed topology is not a metrizable space.

Warning.  One should not be misled by Proposition 6.1.25 into thinking that every Hausdorff
space is metrizable. Later on we shall be able to produce (using infinite products) examples of
Hausdorff spaces which are not metrizable. [Metrizability of topological spaces is quite a technical
topic. For necessary and sufficient conditions for metrizability see Theorem 9.1, page 195, of the

book Dugundji [59].]

Exercises 6.1

1. Prove that the metric d; of Example 6.1.8 induces the euclidean topology on R?,

2. Let d be a metric on a non-empty set X.
(i) Show that the function e defined by e(a,b) = min{1,d(a,b)} where a,b € X, is also a
metric on X.
(ii) Prove that d and e are equivalent metrics.

(iii) A metric space (X, d) is said to be bounded, and d is said to be a bounded metric, if
there exists a positive real number M such that d(z,y) < M, for all z,y € X. Using

(ii) deduce that every metric is equivalent to a bounded metric.

3. (i) Let d be a metric on a non-empty set X. Show that the function e defined by

_ _da,b)
e(a,b) = T daD)

where a,b € X, is also a metric on X.

(ii) Prove that d and e are equivalent metrics.
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4. Let d; and dy be metrics on sets X and Y respectively. Prove that
(i) dis a metric on X X Y, where

d(<1’1>y1>, <332, y2>) = maX{dl(iUl, 1’2)7 dz(yl, 92)}

(ii) e is a metric on X x Y, where

e((z1, 1), (w2, 12)) = di(@1, 22) + d2(y1, y2)-

(iii) d and e are equivalent metrics.

5. Let (X,d) be a metric space and T the corresponding topology on X. Fix a € X. Prove
that the map f: (X, 7T) — R defined by f(z) = d(a,x) is continuous.

6. Let (X,d) be a metric space and T the topology induced on X by d. Let Y be a subset of
X, d; the metric on Y obtained by restricting d; that is, d;(a,b) = d(a,b) for all a and b in
Y. If T is the topology induced on Y by d; and T is the subspace topology on Y (induced
by 7 on X), prove that 71 = T5. [This shows that every subspace of a metrizable space is

metrizable.]
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7. (i) Let /; be the set of all sequences of real numbers

= (21, T, Tpy.n.)

with the property that the series > | |z,| is convergent. If we define

di(z,y) = Z [ Zn — Ynl
n=1
for all = and y in ¢;, prove that (¢1,d;) is a metric space.

(ii) Let /5 be the set of all sequences of real numbers

= (21,Tay ... Tpy...)

oo 2

with the property that the series ) "  z: is convergent. If we define

da(,y) = (Z\xn —ynF)
n=1

for all z and y in {5, prove that ({2, ds) is a metric space.

(iii) Let /., denote the set of bounded sequences of real numbers © = (z1,22,..., 25, ...).

If we define
doo(@,y) = sup{|zn — yu| : n € N}
where z,y € {, prove that ({,d) is a metric space.

(iv) Let ¢y be the subset of /., consisting of all those sequences which converge to zero and
let dy be the metric on ¢ obtained by restricting the metric d, on /., as in Exercise 6.

Prove that ¢y is a closed subset of (¢, dy)-
(v) Prove that each of the spaces (¢1,d;), (¢2,ds), and (cy,dp) is a separable space.
(vi)* Is (¢, ds) a separable space?

(vii) Show that each of the above metric spaces is a normed vector space in a natural way.

8. Let f be a continuous mapping of a metrizable space (X, T) onto a topological space (Y, 7).

Is (Y, T1) necessarily metrizable? (Justify your answer.)
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A topological space (X, T) is said to be a normal space if for each pair of disjoint closed
sets A and B, there exist open sets U and V such that AC U, BCV,and UNV = 0.
Prove that

(i) Every metrizable space is a normal space.
(if) Every space which is both a T}-space and a normal space is a Hausdorff space. [A

normal space which is also Hausdorff is called a 7)-space.]

Let (X,d) and (Y, d;) be metric spaces. Then (X, d) is said to be isometric to (Y, d;) if there
exists a surjective mapping f : (X,d) — (Y, d;) such that for all ; and x5 in X,

d($1,$2) = dl(f(xl)a f(l’Q))

Such a mapping f is said to be an isometry. Prove that every isometry is a homeomorphism

of the corresponding topological spaces. (So isometric metric spaces are homeomorphic!)

A topological space (X, T) is said to satisfy the first axiom of countability or be first
countable if for each z € X there exists a countable family {U;(z)} of open sets containing
x with the property that every open set V' containing = has (at least) one of the U;(z) as
a subset. The countable family {U;(z)} is said to be a countable base at z. Prove the

following:

(i) Every metrizable space satisfies the first axiom of countability.

(ii) Every topological space satisfying the second axiom of countability also satisfies the

first axiom of countability.
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12. Let X be the set (R\ N)U {1}. Define a function f:R — X by

)z, ifzeR\N
f<x>_{1, if 2 € N.

Further, define a topology 7 on X by
T ={U:U C X and f!(U) is open in the euclidean topology on R.}
Prove the following:

(i) f is continuous.
(if) Every open neighbourhood of 1 in (X, T) is of the form (U \ N)U {1}, where U is open
in R.
(iii) (X, T) is not first countable.

[Hint. Suppose (U; \N)U{1}, (U2\N)U{1},...,(U,\N)U{1},... is a countable base at
1. Show that for each positive integer n, we can choose z,, € U,, \ N such that z,, > n.
Verify that the set U = R\ Ej {z,} is open in R. Deduce that V = (U \ N)U {1} is
an open neighbourhood of 1 7\L;P11ich contains none of the sets (U, \ N)U {1}, which is a
contradiction. So (X, T) is not first countable.]

(iv) (X, T) is a Hausdorff space.

(v) A Hausdorff continuous image of R is not necessarily first countable.
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A metric space (X, d) is said to be totally bounded if for each ¢ > 0, there exist x1, 23, ..., 2,

in X, such that X = |J B.(z;); that is, X can be covered by a number of open balls
i=1

of radius «.

(i) Show that every totally bounded metric space is a bounded metric space. (See Exercise
2 above.)

(ii) Prove that R with the euclidean metric is not totally bounded, but for each a,b € R
with a < b, the closed interval [a, b] is totally bounded.

(iii) Let (Y, d) be a subspace of the metric space (X, d;) with the induced metric. If (X,d;)
is totally bounded, then (Y, d) is totally bounded; that is, every subspace of a totally

bounded metric space is totally bounded.
[Hint. Assume X = J B.(z;). If y; € B(z;) NY, then by the triangle inequality
i=1

B.(z;) € Bac(yi).]

(iv) From (iii) and (ii) deduce that the totally bounded metric space (0, 1) is homeomorphic
to R which is not totally bounded. Thus “totally bounded” is not a topological property.

(v) From (iii) and (ii) deduce that for each n > 1, R" with the euclidean metric is not

totally bounded.

(vi) Noting that for each a,b € R, the closed interval is totally bounded, show that a metric
subspace of R is bounded if and only if it is totally bounded.

(vii) Show that for each n > 1, a metric subspace of R" is bounded if and only if it is totally

bounded.

Show that every totally bounded metric space is separable. (See Exercise 13 above and
Exercises 3.2#4.)
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15. A topological space (X, T) is said to be locally euclidean if there exists a positive integer
n such that each point z € X has an open neighbourhood homeomorphic to an open ball
about 0 in R™ with the euclidean metric. A Hausdorff locally euclidean space is said to be

a topological manifold.}

(i) Prove that every non-trivial interval is locally euclidean.

(ii) Let T be the subset of the complex plane consisting of those complex numbers of
modulus one. ldentify the complex plane with R? and let T have the subspace topology.

Show that the space T is locally euclidean.

(iii) Show that every topological space locally homeomorphic to R", for any positive integer

n, is locally euclidean.

(iv)* Find an example of a locally euclidean space which is not a topological manifold.

!There are different definitions of topological manifold in the literature(cf. Kunen and Vaughan [123]). In
particular some definitions require the space to be connected — what we call a connected manifold — and older
definitions require the space to be metrizable. A Hausdorff space in which each point has an open neighbourhood
homeomorphic either to R™ or to the closed half-space {< z1,z2,...,2, > 2; >0,i=1,2,...,n} of R", for some
positive integer n, is said to be a topological manifold with boundary.
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6.2 Convergence of Sequences

You are familiar with the notion of a convergent sequence of real numbers. It is defined as follows.
The sequence x1,2s,...,x,,... of real numbers is said to converge to the real number zx if given

any € > 0 there exists an integer ng such that for all n > ng, |z, — 2| < e.

It is obvious how this definition can be extended from R with the euclidean metric to any

metric space.

6.2.1 Definitions. Let (X, d) be a metric space and z,...,%,,... a sequence of points
in X. Then the sequence is said to converge to x € X if given any ¢ > 0 there exists an
integer ng such that for all n > ng, d(x,z,) < e. This is denoted by z,, — .

The sequence y1,Ys,...,Yn,... of points in (X,d) is said to be convergent if there exist a

point y € X such that y,, — .

The next proposition is easily proved, so its proof is left as an exercise.

6.2.2 Proposition. Let zy,29,...,2,,... be a sequence of points in a metric space (X, d).

Further, let = and y be points in (X, d) such that z,, — « and =, — y. Then z = y. O
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The following proposition tells us the surprising fact that the topology of a metric space can

be described entirely in terms of its convergent sequences.

6.2.3 Proposition. Let (X,d) be a metric space. A subset A of X is closed in (X, d) if
and only if every convergent sequence of points in A converges to a point in A. (In other
words, A is closed in (X,d) if and only if a, — z, where z € X and a,, € A for all n, implies
r e A)

Proof. Assume that A is closed in (X,d) and let a,, — x, where a, € A for all positive integers
n. Suppose that x € X \ A. Then, as X \ A is an open set containing x, there exists an open ball
B.(x) such that x € B.(z) C X \ A. Noting that each a, € A, this implies that d(z,a,) > € for
each n. Hence the sequence ay,as,...,a,,... does not converge to x. This is a contradiction.

So x € A, as required.

Conversely, assume that every convergent sequence of points in A converges to a point of
A. Suppose that X \ A is not open. Then there exists a point y € X \ A such that for each € > 0,
B.(y) N A # @. For each positive integer n, let x,, be any point in By/,(y) N A. Then we claim
that x,, — y. To see this let € be any positive real number, and ng any integer greater than 1/e.
Then for each n > ny,
Tn € Biym(y) € Bimo(y) € B:(y)-

So x, — y and, by our assumption, y € X \ A. This is a contradiction and so X \ A is open and
thus A is closed in (X, d). O
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Having seen that the topology of a metric space can be described in terms of convergent

sequences, we should not be surprised that continuous functions can also be so described.

points f(x1), f(x2),..., f(zn),... in (Y,d;) converges to f(x).

f: (X, T) — (Y,T,) is continuous if and only if z,, — = = f(z,) — f(z); that is,

6.2.4 Proposition. Let (X,d) and (Y,d;) be metric spaces and f a mapping of X
into Y. Let T and T; be the topologies determined by d and d;, respectively. Then

if

X1,%2,...,Tp,... is a sequence of points in (X,d) converging to z, then the sequence of

Proof. Assume that z,, — = = f(x,) — f(z). To verify that f is continuous it suffices to show

that the inverse image of every closed set in (Y, 7)) is closed in (X, 7). So let A be closed in

(Y,T1). Let z1,79,...,2,,... be a sequence of points in f~!(A) convergent to a point z € X. As

x, — x, f(x,) — f(z). But since each f(x,) € A and A is closed, Proposition 6.2.3 then implies

that f(z) € A. Thus x € f~'(A). So we have shown that every convergent sequence of points

from f~!(A) converges to a point of f~1(A). Thus f~!(A) is closed, and hence f is continuous.

Conversely, let f be continuous and z,, — x. Let ¢ be any positive real number. Then the
open ball B.(f(z)) is an open set in (Y, 7). Therefore f~'(B.(f(z)) is an open set in (X, 7T) and

it contains x. Therefore there exists a > 0 such that

x € Bs(x) C f7H(B:(f(2)))-

As x, — z, there exists a positive integer ng such that for all n > ng, x,, € Bs(x). Therefore
f(zn) € f(Bs(x)) C B.(f(x)), for all n > ny.

Thus f(z,) — f(x).

The corollary below is easily deduced from Proposition 6.2.4.

6.2.5 Corollary. Let (X,d) and (Y,d;) be metric spaces, f a mapping of X into Y, and

T and T the topologies determined by d and d;, respectively. Then f: (X, T) — (Y, T;) is

continuous if and only if for each o € X and € > 0, there exists a § > 0 such that z € X

and d(z,z9) < 6 = di(f(z), f(z0)) < e.

g
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Exercises 6.2
1. Let C[0,1] and d be as in Example 6.1.5. Define a sequence of functions fi, fo,..., fu,- ..
in (C[0,1],d) by
Fulz) = Sl g ae 0, 1].
n
Verify that f,, — fo, where fo(x) =0, for all x € [0,1].

2. Let (X,d) be a metric space and 1, xs,...,Z,,... a sequence such that z,, — x and z,, — y.
Prove that z = y.

3. (i) Let (X,d) be a metric space, T the induced topology on X, and x1,2,...,Zp, ...

a sequence of points in X. Prove that x,, — x if and only if for every open set U > z,
there exists a positive integer ng such that z,, € U for all n > ny.

(ii) Let X be a set and d and d; equivalent metrics on X. Deduce from (i) that if z,, — «
in (X,d), then z, — z in (X, d;).

4. Write out a proof of Corollary 6.2.5.

5. Let (X,T) be a topological space and let zy,xs,...,x,,... be a sequence of points in X.
We say that z,, — x if for each open set U > z there exists a positive integer ng, such that
xn, € U for all n > ng. Find an example of a topological space and a sequence such that
x, — x and =, — y but x # y.

6. (i) Let (X,d) be a metric space and z,, — = where each z,, € X and x € X. Let A be the

subset of X which consists of x and all of the points x,,. Prove that A is closed in
(X, d).

(i) Deduce from (i) that the set {2} U{2—2:n=1,2,...} is closed in R.

(iii) Verify that the set {2—1:n=1,2,...} is not closed in R.
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(i) Letd;,ds,...,d, be metrics on a set X and ay, as,...a,, positive real numbers. Prove

that d is a metric on X, where d is defined by
d(z,y) = Zaidi(x,y), for all z,y € X.
i=1

(i) If z € X and x1,29,...,2,,... is a sequence of points in X such that x,, — z in each

metric space (X,d;) prove that z, — z in the metric space (X, d).

Let X,Y.,d;,ds and d be as in Exercises 6.1 #4. If x,, — x in (X,d;) and y, — y in (Y, ds),

prove that
(2 ) — (2,3} in (X x Y, d).

Let A and B be non-empty sets in a metric space (X, d). Define
p(A, B) = inf{d(a,b) : a € A,b € B}.
[p(A, B) is referred to as the distance between the sets A and B.]

(i) If S is any non-empty subset of (X, d), prove that S = {z : € X and p({z},S) = 0}.

(if) If S is any non-empty subset of (X, d) then the function f: (X,d) — R defined by

f(x) =p({z},5), weX

is continuous.

10. (i) For each positive integer n let f,, be a continuous function of [0, 1] into itself and let

a € [0,1] be such that f,(a) = a, for all n. Further let f be a continuous function of
[0,1] into itself. If f,, — fin (C[0,1],d*) where d* is the metric of Example 6.1.6, prove

that a is also a fixed point of f.

(ii) Show that (i) would be false if d* were replaced by the metric d, of Example 6.1.5.

6.3 Completeness

6.3.1 Definition. A sequence z1,%3,...,T,,... of points in a metric space (X,d) is
Cauchy sequence if given any real number ¢ > 0, there exists a positive integer ng, such that

for all integers m > ng and n > ng, d(z,,z,) < €.
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6.3.2 Proposition. Let (X,d) be a metric space and zy,%2,...,2,,... a sequence of
points in (X, d). If there exists a point a € X, such that the sequence converges to a, that

is, x, — a, then the sequence is a Cauchy sequence.

Proof. Let ¢ be any positive real number. Put 6 = ¢/2. As z,, — a, there exists a positive

integer ng, such that for all n > ny, d(x,,a) <.
So let m > ng and n > ng. Then d(z,,a) < 0 and d(x,,,a) < §.

By the triangle inequality for metrics,

(T, xn) < d(Tm,a) + d(z,, a)
<0+6

=£

and so the sequence is indeed a Cauchy sequence. O

This naturally leads us to think about the converse statement and to ask if every Cauchy

sequence is a convergent sequence. The following example shows that this is not true.

6.3.3 Example. Consider the open interval (0, 1) with the euclidean metric d. It is clear that
the sequence 0.1, 0.01, 0.001, 0.0001, ... is a Cauchy sequence but it does not converge to any
point in (0,1). O

6.3.4 Definition. A metric space (X, d) is said to be complete if every Cauchy sequence

in (X, d) converges to a point in (X, d).

We immediately see from Example 6.3.3 that the unit interval (0,1) with the euclidean metric
is not a complete metric space. On the other hand, if X is any finite set and d is the discrete

metric on X, then obviously (X, d) is a complete metric space.

We shall show that R with the euclidean metric is a complete metric space. First we need

to do some preparation.

As a shorthand, we shall denote the sequence x1,xs,...,z,,..., by {z,}.
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6.3.5 Definition. If {z,} is any sequence, then the sequence z,,,Z,,,... is said to be a

subsequence if ny <ny <nz <....

6.3.6 Definitions.  Let {z,} be a sequence in R. Then it is said to be an increasing
sequence if =, < z,41, for all n € N. It is said to be a decreasing sequence if z,, > z,,, for

all n € N. A sequence which is either increasing or decreasing is said to be monotonic.

Most sequences are of course neither increasing nor decreasing.

6.3.7 Definition. Let {z,,} be a sequence in R. Then ny € N is said to be a peak point

if z, < x,,, for every n > ny.

6.3.8 Lemma. Let {z,} be any sequence in R. Then it has a monotonic subsequence.

Proof. Assume first that the sequence {z,} has an infinite number of peak points. Then
choose a subsequence {z,, }, where each n; is a peak point. This implies, in particular, that

Ty, > Tp,.,, for each k € N; that is, {z,, } is a decreasing subsequence of {z,}.

Assume then that there are only a finite number of peak points. So there exists an integer

N, such that there are no peak points n > N.

Choose any n; > N. Then it is not a peak point. So there is an ny > ny with z,,, > x,,. Now
ny > N and so it too is not a peak point. Hence there is an n3 > ny, with z,,, > x,,. Continuing in
this way (by mathematical induction), we produce a subsequence {x,, } of {z,} with z,, < z,,,,,
for all k£ € N; that is, {z,, } is an increasing subsequence of {z,}. This completes the proof of

the Lemma. O
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6.3.9 Proposition. Let {z,} be a monotonic sequence in R with the euclidean metric.

Then {z,,} converges to a point in R if and only if it is bounded.

Proof. Recall that “bounded” was defined in Remark 3.3.1.
Clearly if {z,} is unbounded, then it does not converge.

Assume then that {z,} is an increasing sequence which is bounded. By the Least Upper
Bound Axiom, there is a least upper bound L of the set {x, : n € N}. If € is any positive real

number, then there exists a positive integer N such that d(zy, L) < ¢; indeed, zy > L — ¢.

But as {z,} is an increasing sequence and L is an upper bound, we have
L—e<xz,<L, foralln>N.

That is z, — L. The case that {z,} is a decreasing sequence which is bounded is proved in an

analogous fashion, which completes the proof. ([l

As a corollary to Lemma 6.3.8 and Proposition 6.3.9, we obtain immediately the following:

6.3.10 Theorem. (Bolzano-Weierstrass Theorem) Every bounded sequence in R with

the euclidean metric has a convergent subsequence. O

At long last we are able to prove that R with the euclidean metric is a complete metric space.
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6.3.11 Corollary. The metric space R with the euclidean metric is a complete metric

space.

Proof. Let {z,} be any Cauchy sequence in (R,d).

If we show that this arbitrary Cauchy sequence converges, we shall have shown that the

metric space is complete. The first step will be to show that this sequence is bounded.

As {z,} is a Cauchy sequence, there exists a positive integer N, such that for any n > N
and m > N, d(z,,r,) < 1; that'is, |z, — x| < 1. Put M = |zy| + || +--- + |xzn| + 1. Then
|z,| < M, for all n € N; that is, the sequence {z,} is bounded.

So by the Bolzano-Weierstrass Theorem 6.3.10, this sequence has a convergent subsequence;

that is, there is an a € R and a subsequence {z,, } with z,, — a.

We shall show that not only does the subsequence converge to a, but also that the

sequence {z,} itself converges to a.

Let ¢ be any positive real number. As {z,} is a Cauchy sequence, there exists a positive
integer Ny such that
€
|zn — | < 3 for all m > Ny and n > Nj.

Since z,, — a, there exists a positive integer N, such that
€
|z, —al < 3 for all n, > Nj.
So if we choose Ny = max{Ny, N1}, combining the above two inequalities yields
|20 — al < [xn = 2| + |20, — al

<g~|—§, for n > Ny and n; > N,

= &

Hence x,, — a, which completes the proof of the Corollary. 0
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6.3.12 Corollary.  For each positive integer m, the metric space R"™ with the euclidean

metric is a complete metric space.

Proof. See Exercises 6.3#4. OJ

6.3.13 Proposition. Let (X,d) be a metric space, Y a subset of X, and d; the metric
induced on Y by d.

(i) If (X,d) is a complete metric space and Y is a closed subspace of (X,d), then (Y, d;)

is a complete metric space.

(ii) If (Y.d;) is a complete metric space, then Y is a closed subspace of (X,d).

Proof. See Exercises 6.3#5. 0

6.3.14 Remark. Example 6.3.3 showed that (0, 1) with the euclidean metric is not a complete
metric space. However, Corollary 6.3.11 showed that R with the euclidean metric is a complete
metric space. And we know that the topological spaces (0,1) and R are homeomorphic. So

completeness is not preserved by homeomorphism and so is not a topological property.

6.3.15 Definition. A topological space (X,T) is said to be completely metrizable if
there exists a metric d on X such that 7 is the topology on X determined by d and (X, d)

is a complete metric space.
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6.3.16 Remark. Note that being completely metrizable is indeed a topological property.
Further, it is easy to verify (see Exercises 6.3#7) that every discrete space and every interval of
R with the induced topology is completely metrizable. So for a,b € R with a < b, the topological
spaces R, [a,b], (a,b), [a,b), (a,b], (—00,a), (—o0,a], (a,0), [a,00), and {a} with their induced
topologies are all completely metrizable. Somewhat surprisingly we shall see later that even the
space P of all irrational numbers with its induced topology is completely metrizable. Also as (0, 1)
is a completely metrizable subspace of R which is not a closed subset, we see that Proposition

6.3.13(ii) would not be true if complete metric were replaced by completely metrizable. OJ

6.3.17 Definition. A topological space is said to be separable if it has a countable dense

subset.

It was seen in Exercises 3.2#4 that R and every countable topological space is a separable

space. Other examples are given in Exercises 6.1#7.

6.3.18 Definition. A topological space (X, T) is said to be a Polish space if it is separable

and completely metrizable.

It is clear that R is a Polish space. By Exercises 6.3#6, R" is a Polish space, for each positive

integer n.

6.3.19 Definition. A topological space (X, T) is said to be a Souslin space if it is
Hausdorff and a continuous image of a Polish space. If A is a subset of a topological space
(Y, T1) such that with the induced topology T, the space (A, T3) is a Souslin space, then
A is said to be an analytic set in (Y, 7).

Obviously every Polish space is a Souslin space. Exercises 6.1#12 and #11 show that the
converse is false as a Souslin space need not be metrizable. However, we shall see that even
a metrizable Souslin space is not necessarily a Polish space. To see this we note that every
countable topological space is a Souslin space as it is a continuous image of the discrete space

N; one such space is the metrizable space Q which we shall soon see is not a Polish space.
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We know that two topological spaces are equivalent if they are homeomorphic. It is natural
to ask when are two metric spaces equivalent (as metric spaces)? The relevant concept was

introduced in Exercises 6.1#10, namely that of isometric.

6.3.20 Definition. Let (X,d) and (Y,d;) be metric spaces. Then (X, d) is said to be
isometric to (Y, d;) if there exists a surjective mapping f : X — Y such that for all x; and

x9 in X, d(x1,x9) = di(f(x1), f(x2)). Such a mapping f is said to be an isometry.

Let d be any metric on R and a any positive real number. If d; is defined to be a.d(z,y), for

all z,y € R, then it is easily shown that (R,d;) is a metric space isometric to (R, d).

It is also easy to verify that any two isometric metric spaces have their associated topological
spaces homeomorphic and every isometry is also a homeomorphism of the associated topological

spaces.

6.3.21 Definition. Let (X,d) and (Y, d;) be metric spaces and f a mapping of X into
Y. Let Z = f(X), and dy be the metric induced on Z by d; on Y. If f: (X,d) — (Z,dy) is
an isometry, then f is said to be an isometric embedding of (X,d) in (Y, d;).

Of course the natural embedding of Q with the euclidean metric in R with the euclidean
metric is an isometric embedding. It is also the case that N with the euclidean metric has a

natural isometric embedding into both R and Q with the euclidean metric.

6.3.22 Definition. Let (X,d) and (Y,d;) be metric spaces and f a mapping of X into
Y. If (Y,d;) is a complete metric space, f : (X,d) — (Y,d;) is an isometric embedding and
f(X) is a dense subset of Y in the associated topological space, then (Y, d;) is said to be a
completion of (X, d).

Clearly R with the euclidean metric is a completion of QQ, the set of rationals with the

euclidean metric, and of P, the set of irrationals with the euclidean metric.

Two questions immediately jump to mind: (1) Does every metric space have a completion?
(2) Is the completion of a metric space unique in some sense? We shall see that the answer to

both questions is “yes”.
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6.3.23 Proposition.  Let (X, d) be any metric space. Then (X,d) has a completion.

Outline Proof. We begin by saying that two Cauchy sequences {y,} and {z,} in (X,d) are
equivalent if d(y,,z,) — 0 in R. This is indeed an equivalence relation; that is, it is reflexive,
symmetric and transitive. Now let X be the set of all equivalence classes of equivalent Cauchy

sequences in (X, d). We wish to put a metric on X,

Let § and Z be any two points in X. Let Cauchy sequences {yn} € 7 and {z,} € Z. Now
the sequence {d(y,, z,)} is a Cauchy sequence in R. (See Exercises 6.3#8.) As R is a complete
metric space, this Cauchy sequence in R converges to some number, which we shall denote by
di(g,2). It is straightforward to show that d;(7, Z) is not dependent on the choice of the sequence
{yn} in g and {z,} in Z.

For each x € X, the constant sequence z,z,...,z,... is a Cauchy sequence in (X,d)
converging to x. Let T denote the equivalence class of all Cauchy sequences converging to
2 € X. Define the subset Y of X to be {# : 2 € X}. If d is the metric on Y induced by the
metric d; on X, then it is clear that the mapping [ : (X,d) — (Y,ds), given by f(z) = Z, is an
isometry.

Now we show that Y is dense in X. To do this we show that for any given real number e > 0,
and z € X, there is a 7 € Y, such that di(z,%) < . Note that z is an equivalence class of Cauchy
sequences. Let {z,} be a Cauchy sequence in this equivalence class z. There exists a positive
integer ng, such that for all n > ny, di(z,,x,,) < e. We now consider the constant sequence
Tngs Tngy - -+ Tngy - - - - This lies in the equivalence class z,,, which is in Y. Further, d(z,,,2) < e.
So Y is indeed dense in X.

Finally, we show that ()?,dl) is a complete metric space. Let {z,} be a Cauchy sequence in
this space. We are required to show that it converges. As Y is dense, for each positive integer n,
there exists x,, € Y, such that d;(z,, z,) < 1/n. We show that {z,} is a Cauchy sequence in Y.

Consider a real number ¢ > 0. There exists a positive integer N, such that dy(z,, z,) < £/2

for n,m > N. Now take a positive integer n;, with 1/n; <e/4. For n,m > n; + N, we have
d1(Zp, Trm) < d1(Th, 2n) + di (20, 2m) + d1(2m, Tm) < 1/n+e/24+1/m <e.

So {x,} is a Cauchy sequence in Y. This implies that {z,} is a Cauchy sequence in (X, d). Hence
{z,} € z, for some 2z € Z. It is now straightforward to show first that z,, — 2z and then that

z, — %, which completes the proof. O
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6.3.24 Proposition. Let (A,d;) and (B, dy) be complete metric spaces. Let X be a subset
of (A, d,) with induced metric d3, and Y a subset of (B, ds) with induced metric dy. Further,
let X be dense in (A,d;) and Y dense in (B, dy). If there is an isometry f : (X,d3) — (Y, dy),
then there exists an isometry g : (A4,d;) — (B, ds), such that g(x) = f(x), for all z € X.

Outline Proof. Leta € A. As X is dense in (A,d;), there exists a sequence z,, — a, where each
x, € X. So {z,} is a Cauchy sequence. As f is an isometry, {f(z,)} is a Cauchy sequence in
(Y,d4) and hence also a Cauchy sequence in (B,dy). Since (B,ds) is a complete metric space,
there exists a b € B, such that f(z,,) — b. So we define g(a) = b.

To show that g is a well-defined map of A into B, it is necessary to verify that if {z,}
is any other sequence in X converging to a, then f(z,) — b. This follows from the fact that
di(xp, zn) — 0 and thus do(f(x,), f(2n)) = da(f(xn), f(2,)) — 0.

Next we need to show that g : A — B is one-to-one and onto. This is left as an exercise as

it is routine.

Finally, let a;,as € A and z1, — a; and x5, — as, where each ay,, and each as, isin X. Then

di(ay,az) = lim ds(ain, az,) = Um dy(f(a1n), f(azm)) = da2(g(ar), g(asz))

n—oo n—oo

and so g is indeed an isometry, as required. O

Proposition 6.3.24 says that, up to isometry, the completion of a metric spaces is unique.

We conclude this section with another concept. Recall that in Example 6.1.9 we introduced
the concept of a normed vector space. We now define a very important class of normed vector

spaces.

6.3.25 Definition. Let (/V,|| ||) be a normed vector space and d the associated metric
on the set N. Then (N,|| ||) is said to be a Banach space if (IV,d) is a complete metric

space.

From Proposition 6.3.23 we know that every normed vector space has a completion. However,
the rather pleasant feature is that this completion is in fact also a normed vector space and so is

a Banach space. (See Exercises 6.3#12.)
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Exercises 6.3
1. Verify that the sequence {x, = >_ %} is a Cauchy sequence in Q with the euclidean metric.
i=0
[This sequence does not converge in Q. In R it converges to the number e, which is known
to be irrational. For a proof that e is irrational, indeed transcendental, see Jones et al.
[112].]

2. Prove that every subsequence of a Cauchy sequence is a Cauchy sequence.

3. Give an example of a sequence in R with the euclidean metric which has no subsequence
which is a Cauchy sequence.

4. Using Corollary 6.3.11, prove that, for each positive integer m, the metric space R™ with

the euclidean metric is a complete metric space.
[Hint. Let {< 214, %20, Zmn > n = 1,2,...} be a Cauchy sequence in R™. Prove
that, for each ¢ = 1,2,...,m, the sequence {z;, : n = 1,2,...} in R with the euclidean
metric is a Cauchy sequence and so converges to a point a;. Then show that the sequence
{< T1n, Tony - -y T >:n = 1,2, ... } converges to the point < ay,as, ..., a, >.]

5. Prove that every closed subspace of a complete metric space is complete and that every
complete metric subspace of a metric space is closed.

6. Prove that for each positive integer n, R" is a Polish space.

7. Leta,b€ R, with a < b. Prove that each discrete space and each of the spaces [a,b], (a,b),
[a,b), (a,b], (—o0,a), (—0,al, (a,0), [a,00), and {a}, with its induced topology is a Polish
Spaces.

8. If (X,d) is a metric space and {z,} and {y,} are Cauchy sequences, prove that {d(z,,y,)}
is a Cauchy sequence in R.

9. Fill in the missing details in the proof of Proposition 6.3.23.

10. Fill in the missing details in the proof of Proposition 6.3.24.
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Show that each of the spaces (¢1,d;), (¢2,ds), (co,dp), and ({,ds) of Exercises 6.1#7 is
a complete metric space. Indeed, show that each of these spaces is a Banach space in a

natural way.

Let X be any normed vector space. Prove that it is possible to put a normed vector space
structure on X, the complete metric space constructed in Proposition 6.3.23. So every

normed vector space has a completion which is a Banach space.

6.4 Contraction Mappings

In Chapter 5 we had our first glimpse of a fixed point theorem. In this section we shall meet

another type of fixed point theorem. This section is very much part of metric space theory rather

than general topology. Nevertheless the topic is important for applications.

6.4.1 Definition. Let f be a mapping of a set X into itself. Then a point z € X is said
to be a fixed point of f if f(x) = z.

6.4.2 Definition. Let (X,d) be a metric space and f a mapping of X into itself. Then

f is said to be a contraction mapping if there exists an r € (0, 1), such that

d(f(xy), f(x2)) < rd(xy,x2), forall 21,20 € X.

6.4.3 Proposition. Let f be a contraction mapping of the metric space (X,d). Then f

is a continuous mapping.

Proof. See Exercises 6.4#1. 0
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6.4.4 Theorem. (Contraction Mapping Theorem or Banach Fixed Point Theorem) Let
(X, d) be a complete metric space and f a contraction mapping of (X, d) into itself. Then f

has precisely one fixed point.

Proof. Let x be any point in X and consider the sequence

z, f(z), f(2) = f(£(2), () = F(F (@), .-, (@),

We shall show this is a Cauchy sequence. Put a = d(z, f(z)). As f is a contraction mapping,
there exists r € (0, 1), such that d(f(z1), f(z2)) < r.d(xy,z2), forall z1,29 € X.

Let m and n be any positive integers, with n > m. Then
d(f™ (@), f*(x)) = d(f™ (), f™(f*" (@)
< r™.d(z, [P (2))
< r™(d(w, f(2)) +d(f(2), fA(2) + -+ (T (@), 1)

As r < 1, it is clear that {f"(x)} is a Cauchy sequence. As (X,d) is complete there is a z € X,
such that f"(z) — z.

By Proposition 6.4.3, f is continuous and so

f(z) = f(nm f"(x)) = lim f"(z) =2 (6.1)

and so z is indeed a fixed point of f.

Finally, let ¢ be any fixed point of f. Then

d(t,z) =d(f(t), f(2)) < r.d(t, z). (6.2)

As r < 1, this implies d(t,z) = 0 and thus t = z and f has only one fixed point. O

It is worth mentioning that the Contraction Mapping Theorem provides not only an existence
proof of a fixed point but also a construction for finding it; namely, let x be any point in X and
find the limit of the sequence {f™(x)}. This method allows us to write a computer program to

approximate the limit point to any desired accuracy.
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Exercises 6.4

. Prove Proposition 6.4.3.

Extend the Contraction Mapping Theorem by showing that if f is a mapping of a complete
metric space (X, d) into itself and f% is a contraction mapping for some positive integer N,

then f has precisely one fixed point.

The Mean Value Theorem says: Let f be a real-valued function on a closed unit interval
la,b] which is continuous on [a,b] and differentiable on (a,b). Then there exists a point
c € |a,b] such that f(b) — f(a) = f'(¢)(b—a). (Recall that f is said to be differentiable at a
point s if iﬂ% = f'(s) exists.)

Using the Mean Value Theorem prove the following:

Let f : [a,b] — [a,b] be differentiable. Then f is a contraction if and only if there exists
r € (0,1) such that |f'(z)| < r, for all x € [a, b].

Using Exercises 3 and 2 above, show that while f : R — R given by f(x) = cosx does not
satisfy the conditions of the Contraction Mapping Theorem, it nevertheless has a unique

fixed point.
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6.5 Baire Spaces

6.5.1 Theorem. (Baire Category Theorem) Let (X,d) be a complete metric space. If
X1,Xs,...,X,,... is a sequence of open dense subsets of X, then the set (", X,, is also

dense in X.

Proof. It suffices to show that if U is any open subset of (X,d), then UN (", X, # Q.

As X, is open and dense in X, the set U N X; is a non-empty open subset of (X,d). Let U;
be an open ball of radius at most 1, such that U; C U N X;.

Inductively define for each positive integer n > 1, an open ball U,, of radius at most 1/n such
that U, C U,_1 N X,,.
For each positive integer n, let z,, be any point in U,,. Clearly the sequence {z,} is a Cauchy

sequence. As (X, d) is a complete metric space, this sequence converges to a point z € X.

Observe that for every positive integer m, every member of the sequence {z,} is in the closed

set U,,, and so the limit point z is also in the set U,,.
Then x € U, for all n € N. Thus z € (., U,..

But as UN(, X D Noe, U, 3 z, this implies that U N2, X,, # @, which completes the
proof of the theorem. 0

In Exercises 3.2 #5 we introduced the notion of interior of a subset of a topological space.

6.5.2 Definition. Let (X,7T) be any topological space and A any subset of X. The

largest open set contained in A is called the interior of A and is denoted by Int(A).

6.5.3 Definition. A subset A of a topological space (X, T) is said to be nowhere dense
if the set A has empty interior.

These definitions allow us to rephrase Theorem 6.5.1.
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6.5.4 Corollary. Let (X,d) be a complete metric space. If X, X5,...,X,,... is a
sequence of subsets of X such that X = Ufle X,,, then for at least one n € N, the set

X,, has non-empty interior; that is, X, is not nowhere dense.

Proof. Exercises 6.5 #2. O

6.5.5 Definition. A topological space (X,d) is said to be a Baire space if for every

sequence {X,} of open dense subsets of X, the set [~ X,, is also dense in X.

6.5.6 Corollary. Every complete metrizable space is a Baire space. O

6.5.7 Remarks. It is important to note that Corollary 6.5.6 is a result in topology, rather

than a result in metric space theory.

Note also that there are Baire spaces which are not completely metrizable. (See Exercises
6.5 #4(iv).) O

6.5.8 Example. The topological space QQ is not a Baire space and so is not completely
metrizable. To see this, note that the set of rational numbers is countable and let

Q = {x1,29,...,2p,,...}. Each of the sets X,, = Q\ {z,} is open and dense in Q, however
N~ X,, = @. Thus Q does not have the Baire space property. O

6.5.9 Remark. You should note that (once we had the Baire Category Theorem) it was harder
to prove that QQ is not completely metrizable than the more general result that QQ is not a Baire

space. [
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6.5.10 Definitions. Let Y be a subset of a topological space (X,7T). If Y is a union of
a countable number of nowhere dense subsets of X, then Y is said to be a set of the first

category or meager. If Y is not first category, it is said to be a set of the second category.

The Baire Category Theorem has many applications in analysis, but these lie outside our
study of Topology. However, we shall conclude this section with an important theorem in Banach
space theory, namely the Open Mapping Theorem. This theorem is a consequence of the Baire

Category Theorem.

6.5.11 Definition. Let S be a subset of a real vector space V. The set S is said to be
convex if for each x,y € S and every real number 0 < A < 1, the point Az + (1 — Ay is in S.

Clearly every subspace of a vector space is convex. Also in any normed vector space, every

open ball and every closed ball is convex.
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6.5.12 Theorem. (Open Mapping Theorem) Let (B,|| ||) and ((By,]|| ||1) be Banach
spaces and L : B — B; a continuous linear (in the vector space sense) mapping of B onto

By. Then L is an open mapping.

Proof. By Exercises 6.5#1(iv), it suffices to show that there exists an N € N such that

L(Bn(0)) D B4(0), for some s > 0.
Clearly B = |J B,(0) and as L is surjective we have B; = L(B) = |J L(B,(0)).
n=1 n=1

As Bj; is a Banach space, by Corollary 6.5.4 of the Baire Category Theorem, there is an
N €N, such that L(By(0)) has non-empty interior.

So there is a z € By and t > 0, such that B;(z)) C L(By(0)).
By Exercises 6.5#3 there is no loss of generality in assuming that z € L(By(0)).
But By(z) = B,(0) + z, and so

B,(0) € L(Bn(0)) — = = L(Bx(0)) — 2 € Z(Bn(0)) — L(B(0)) € L(Bzw (0)).

which, by the linearity of L, implies that B;/»(0) C L(Bx(0)).
We shall show that this implies that B;/,(0) € L(By(0)).
Let w € B;/2(0). Then there is an 2y € By(0), such that [[w — L(21)]|; < £.

Note that by linearity of the mapping L, for each integer k > 0
Bi2(0) € L(Bn(0)) = Biy2r)(0) € L(Bnyx(0)).

So there is an z, € By/2(0), such that

|(w = L(z1)) — L(x) |1 = [Jw — L(z1) — L(za)|]1 < é |

Continuing in this way, we obtain by induction a sequence {z,,} such that ||z,,|| < 725 and

t
lw = Lz + 22 + - -+ 2|l = |Jw = L(21) = Lwa) = - = Llzw) |l < 57

Since B is complete, the series Y~ x,, converges to a limit a.

Clearly ||a|| < 2N and by continuity of L, we have w = L(a) € L(Byy(0)).
So By2(0) € L(Byn(0)) and thus By/4(0) € L(Bn(0)) which completes the proof. O
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The following Corollary of the Open Mapping Theorem follows immediately and is a very

important special case.

6.5.13 Corollary. A one-to-one continuous linear map of one Banach space onto another
Banach space is a homeomorphism. In particular, a one-to-one continuous linear map of a

Banach space onto itself is a homeomorphism. O

Exercises 6.5

1. Let (X, T) and (Y, T;) be topological spaces. A mapping f: (X,7T) — (Y, T) is said to be
an open mapping if for every open subset A of (X,T), the set f(A) is open in (Y, T1).

(i) Show that f is an open mapping if and only if for each U € 7 and each x € U, the set
f(U) is a neighbourhood of f(x).

(ii) Let (X,d) and (Y, d;) be metric spaces and f a mapping of X into Y. Prove that f is
an open mapping if and only if for each n € N and each z € X, f(By/,(z)) 2 B,(f(x)),

for some r > 0.

(iii) Let (N,|| ||) and (g, ]| ||1) be normed vector spaces and f a linear mapping of N into
Ni. Prove that f is an open mapping if and only if for each n € N, f(By,,(0)) 2 B,(0),

for some r > 0.

(iv) Let (N,]|| ||) and (N1, || ||1) be normed vector spaces and f a linear mapping of N into
Nj. Prove that f is an open mapping if and only if there exists an s > 0 such that
f(Bs(0)) 2 B,(0), for some r > 0.

2. Using the Baire Category Theorem, prove Corollary 6.5.4.
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Let A be a subset of a Banach space B. Prove the following are equivalent:

(i) the set A has non-empty interior;
(i) there exists a z € A and t > 0 such that B;(z) C 4;

(i) there exists a y € A and r > 0 such that B,(y) C A.

. A point z in a topological space (X, 7T) is said to be an isolated point if {z} € T. Prove

that if (X, T) is a countable T;j-space with no isolated points, then it is not a Baire space.

Using the version of the Baire Category Theorem in Corollary 6.5.4, prove that PP is not an

F,-set and QQ is not a Gs-set in R.
[Hint. Suppose that P = |J_, F,,, where each F, is a closed subset of R. Then apply

Corollary 6.5.4to R= |J £, U U {q}]
n=1 qeQ

(i) Let (X,T) be any topological space, and Y and S dense subsets of X. If S is also
open in (X, T), prove that SNY is dense in both X and Y.

(ii) Let 71 be the topology induced on Y by T on X. Let {X,} be a sequence of open
dense subsets of Y. Using (i), show that {X,NY} is a sequence of open dense subsets
of (YV, 7_1)

(iii) Deduce from Definition 6.5.5 and (ii) above, that if (Y,7;) is a Baire space, then

(X, T) is also a Baire space. [So the closure of a Baire space is a Baire space.]

(iv) Using (iii), show that the subspace (Z, T) of R? given by
Z={{z,y) :z,y eR,y>0}U{(z,0): z € Q},

is a Baire space, but is not completely metrizable as the closed subspace {(z,0) : x € Q}

is homeomorphic to Q which is not completely metrizable.

Let (X,7T) and (Y,7T1) be topological spaces and f : (X,7) — (Y,T1) be a continuous
open mapping. If (X, 7T) is a Baire space, prove that (X, 7) is a Baire space. [So an open

continuous image of a Baire space is a Baire space.]

Let (Y, 7 1) be an open subspace of the Baire space (X, 7). Prove that (Y,7T) is a Baire

space. [So an open subspace of a Baire space is a Baire space.]
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Let (X,7T) be a topological space. A function f : (X,7) — R is said to be lower
semicontinuous if for each r € R, the set f~!((—o0o,r]) is closed in (X, 7). A function
f:(X,T) — R is said to be upper semicontinuous if for each r € R, the set f~!((—o0,))
is open in (X, 7).

(i) Prove that f is continuous if and only if it is lower semicontinuous and upper

semicontinuous.

(i) Let (X, T) be a Baire space, I an index set and for each x € X, let the set {fi(z) : i € I}
be bounded above, where each mapping f; : (X, T) — R is lower semicontinuous. Using
the Baire Category Theorem prove that there exists an open subset O of (X, T) such
that the set {f;(xz) : x € O, i € I} is bounded above.

[Hint. Let X,, = (N f; ' ((—o0,n]).]
iel
Let B be a Banach space where the dimension of the underlying vector space is countable.
Using the Baire Category Theorem, prove that the dimension of the underlying vector space

is, in fact, finite.

Let (N,|| ||) be a normed vector space and (X,7) a convex subset of (N,|| ||) with its
induced topology. Show that (X, 7) is path-connected, and hence also connected. Deduce

that every open ball in (N, || ||) is path-connected as is (V, || ||) itself.

6.6 Postscript

Metric space theory is an important topic in its own right. As well, metric spaces hold an

important position in the study of topology. Indeed many books on topology begin with metric

spaces, and motivate the study of topology via them.

We saw that different metrics on the same set can give rise to the same topology. Such

metrics are called equivalent metrics. We were introduced to the study of function spaces, and in

particular, C[0,1]. En route we met normed vector spaces, a central topic in functional analysis.

Not all topological spaces arise from metric spaces. We saw this by observing that topologies

induced by metrics are Hausdorff.
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We saw that the topology of a metric space can be described entirely in terms of its
convergent sequences and that continuous functions between metric spaces can also be so

described.

Exercises 6.2 #9 introduced the interesting concept of distance between sets in a metric

space.

We met the concepts of Cauchy sequence, complete metric space, completely metrizable
space, Banach space, Polish space, and Souslin space. Completeness is an important topic in
metric space theory because of the central role it plays in applications in analysis. Banach spaces
are complete normed vector spaces and are used in many contexts in analysis and have a rich
structure theory. We saw that every metric space has a completion, that is can be embedded
isometrically in a complete metric space. For example every normed vector space has a completion

which is a Banach space.

Contraction mappings were introduced in the concept of fixed points and we saw the proof
of the Contraction Mapping Theorem which is also known as the Banach Fixed Point Theorem.
This is a very useful theorem in applications for example in the proof of existence of solutions of

differential equations.

Another powerful theorem proved in this chapter was the Baire Category Theorem. We
introduced the topological notion of a Baire space and saw that every completely metrizable
space is a Baire space. En route the notion of first category or meager was introduced. And then
we proved the Open Mapping Theorem which says that a continuous linear map from a Banach

space onto another Banach space must be an open mapping.

This Chapter is not yet complete. Material that is yet to be included (1) Hausdorff dimension

(2) uniform continuity and the Postscript is to be revised



Chapter 7

Compactness

Introduction

The most important topological property is compactness. It plays a key role in many branches
of mathematics. It would be fair to say that until you understand compactness you do not

understand topology!

So what is compactness? It could be described as the topologists generalization of finiteness.
The formal definition says that a topological space is compact if whenever it is a subset of a union
of an infinite number of open sets then it is also a subset of a union of a finite number of these
open sets. Obviously every finite subset of a topological space is compact. And we quickly see
that in a discrete space a set is compact if and only if it is finite. When we move to topological
spaces with richer topological structures, such as R, we discover that infinite sets can be compact.
Indeed all closed intervals [a,b] in R are compact. But intervals of this type are the only ones

which are compact.

So we are led to ask: precisely which subsets of R are compact? The Heine-Borel Theorem

will tell us that the compact subsets of R are precisely the sets which are both closed and bounded.

As we go farther into our study of topology, we shall see that compactness plays a crucial

role. This is especially so of applications of topology to analysis.

141
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7.1 Compact Spaces

7.1.1 Definition. Let A be a subset of a topological space (X, 7). Then A is said to be
compact if for every set I and every family of open sets, O;, i € I, such that A C |J,.; O;
there exists a finite subfamily O;,,0;,....,0;, such that AC O;, UO,;,U---UQO,,.

7.1.2 Example. If (X,7)=R and A = (0,00), then A is not compact.

Proof.  For each positive integer i, let O; be the open interval (0,7). Then, clearly, A C | J;2, O;.
But there do not exist iy, s, .. .14, such that A C (0,4;) U (0,42) U---U(0,4,). Therefore A is not

compact. O

7.1.3 Example. Let (X,7T) be any topological space and A = {xy,25,..., z,} any finite
subset of (X, 7). Then A is compact.

Proof. Let O;, i € I, be any family of open sets such that A C Uie[ O;. Then for each z; € A,
there exists an O;, such that x; € O;,. Thus AC O;; UO;, U---UO;,. So A is compact. O

7.1.4 Remark. So we see from Example 7.1.3 that every finite set (in a topological space) is
compact. Indeed “compactness’ can be thought of as a topological generalization of “finiteness” .

0

7.1.5 Example. A subset A of a discrete space (X, T) is compact if and only if it is finite.

Proof. If A is finite then Example 7.1.3 shows that it is compact.

Conversely, let A be compact. Then the family of singleton sets O, = {z}, = € A is such
that each O, is open and A C |,
ACO,,UO,U---UO, ; thatis, A C {x1,...,2,}. Hence A is a finite set. O

O,. As A is compact, there exist O,,,0,,,...,O,, such that

Of course if all compact sets were finite then the study of “compactness” would not be
interesting. However we shall see shortly that, for example, every closed interval [a, b] is compact

Firstly, we introduce a little terminology.
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7.1.6 Definitions. Let I be a set and O;, @ € I, a family of open sets in a topological
space (X, T). Let A be a subset of (X, 7). Then O, i € I, is said to be an open covering
of Aif A C UieIOi' A finite subfamily, O;,,0;,,...,0;, , of O;, © € I is called a finite
subcovering (of A) if ACO;, UO;,U---UO;,.

So we can rephrase the definition of compactness as follows:

7.1.7 Definitions. A subset A of a topological space (X, 7T) is said to be compact if
every open covering of A has a finite subcovering. If the compact subset A equals X, then

(X, T) is said to be a compact space.

7.1.8 Remark. We leave as an exercise the verification of the following statement:
Let A be a subset of (X, 7) and T the topology induced on A by 7. Then A is a compact subset
of (X, T) if and only if (A, T1) is a compact space.

[This statement is not as trivial as it may appear at first sight.] O
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7.1.9 Proposition.  The closed interval [0,1] is compact.

Proof. Let O;, i € I be any open covering of [0,1]. Then for each x € [0, 1], there is an O;
such that x € O;. As O; is open about z, there exists an interval U,, open in [0, 1] such that

Now define a subset S of [0, 1] as follows:
S ={z:]0, z] can be covered by a finite number of the sets U, }.

[Soz€S=1[0,2] CU,UU,U---UU,,, for some z1,zs,...,12,.]
Now let z € S and y € U,. Then as U, is an interval containing = and y, [z,y] C U,. (Here

we are assuming, without loss of generality that z < y.) So
[0,9] CU,, VU, U---UU, UU,

and hence y € S.
So for each z € [0,1], U, NS = U, or .

This implies that

s=Ju

€S

and

0,1\ S = | J V..

o¢S
Thus we have that S is open in [0,1] and S is closed in [0,1]. But [0, 1] is connected. Therefore
S =10,1] or @.
However 0 € S and so S = [0,1]; that is, [0,1] can be covered by a finite number of
U,. So [0,1] € U, UU,, U...U,, . But each U, is contained in an O;, i € I. Hence
0,1] C O, UO;, U---UO;, and we have shown that [0, 1] is compact. O
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Exercises 7.1

1. Let (X, T) be an indiscrete space. Prove that every subset of X is compact.

2. Let T be the finite-closed topology on any set X. Prove that every subset of (X, 7T) is

compact.

3. Prove that each of the following spaces is not compact.

(i) (0,1);
(i) [0, 1);
(i) @
(iv) P;
(v) R?
(vi) the open disc D = {(x,y) : 2 + y*> < 1} considered as a subspace of R
(vii) the Sorgenfrey line;
(viii) C[0,1] with the topology induced by the metric d of Example 6.1.5:
(ix) 41, ls, U, co with the topologies induced respectively by the metrics dy, ds, dy, and dy

of Exercises 6.1 #7.

4. 1s [0,1] a compact subset of the Sorgenfrey line?
5. Is [0,1] N Q a compact subset of Q7

6. Verify that S = {0} U |J {1} is a compact subset of R while |J{:} is not.
n=1 n=1
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7.2 The Heine-Borel Theorem

The next proposition says that “a continuous image of a compact space is compact”.

7.2.1 Proposition. Let f:(X,T)— (Y,T) be a continuous surjective map. If (X, 7) is

compact, then (Y, T ) is compact.

Proof. Let O;, i € I, be any open covering of Y; that is Y C Uiel O;.
Then f~1(Y) C f_l(Uiel 0;); that is, X C (¢, FHO,).
So f~YO;), i € I, is an open covering of X.

As X is compact, there exist iq,19,...,%, in I such that
X C fH0n)UfH0n)U---UfH0s,).
So Y = f(X)
C f(fTHOL) U H0s) U - U fTHOs,))

FUTHOR) U F(FH(O)) U -+ U f(f71(0s,))
0;,U0;,U---UQO,, , since f is surjective.

So we have Y C O0;, JO;, U --JO;,; that is, Y is covered by a finite number of O;.

Hence Y is compact. (I

7.2.2 Corollary. Let (X,7) and (Y,T) be homeomorphic topological spaces. If (X, T)

is compact, then (Y, T;) is compact. O

7.2.3 Corollary. Fora and bin R with a < b, [a,b] is compact while (a,b) is not compact.

Proof.  The space [a,b] is homeomorphic to the compact space [0,1] and so, by Proposition
7.2.1, is compact.
The space (a,b) is homeomorphic to (0,00). If (a,b) were compact, then (0,00) would be

compact, but we saw in Example 7.1.2 that (0, 00) is not compact. Hence (a,b) is not compact.[]



7.2. THE HEINE-BOREL THEOREM 147

7.2.4 Proposition. Every closed subset of a compact space is compact.

Proof. Let A be a closed subset of a compact space (X, 7). Let U; € T, i € I, be any open

covering of A. Then

c(Juu(x\ 4y

el
that is, U;, i € I, together with the open set X \ A is an open covering of X. Therefore there

exists a finite subcovering U;,,U,,, .. X\ A. [If X\ A is not in the finite subcovering then

Zky
we can include it and still have a finite subcovermg of X ]
So
XCU,uU,U---UU;, U(X\A).

Therefore,
ACU,UU,U---UU;, U(X\A)

which clearly implies
ACU,UU,U---UU,,

since AN (X \ A) = . Hence A has a finite subcovering and so is compact. O

7.2.5 Proposition. A compact subset of a Hausdorff topological space is closed.

Proof. Let A be a compact subset of the Hausdorff space (X, 7). We shall show that A
contains all its limit points and hence is closed. Let p € X \ A. Then for each a € A, there exist
open sets U, and V,, such that a € U,, p€ V, and U, NV, = Q.

Then ACJ,.,U.. As A is compact, there exist aq,as,...,a, in A such that

a€A

ACU, UUy,U---UU,,.

PutU=U, JU, U ---UU,, and V=V, NnV,,N---NV, . Thenp eV and V,NU, = O implies
V NU = @ which in turn implies VN A= (. So p is not a limit point of A, and V is an open set

containing p which does not intersect A.

Hence A contains all of its limit points and is therefore closed. O
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7.2.6 Corollary. A compact subset of a metrizable space is closed. O

7.2.7 Example. For a and b in R with a < b, the intervals [a,b) and (a, b] are not compact as

they are not closed subsets of the metrizable space R. O

7.2.8 Proposition. A compact subset of R is bounded.

Proof. Let A C R be unbounded. Then A C |J7 ,(—n,n), but {(—n,n):n =1,2,3,...} does
not have any finite subcovering of A as A is unbounded. Therefore A is not compact. Hence all

compact subsets of R are bounded. O

7.2.9 Theorem. (Heine-Borel Theorem) Every closed bounded subset of R is compact.

Proof. If Ais a closed bounded subset of R, then A C [a,b], for some a and b in R. As [a,b] is

compact and A is a closed subset, A is compact. O

The Heine-Borel Theorem is an important result. The proof above is short only because we

extracted and proved Proposition 7.1.9 first.

7.2.10 Proposition. (Converse of Heine-Borel Theorem) Every compact subset of R

is closed and bounded.

Proof. This follows immediately from Propositions 7.2.8 and 7.2.5. 0

7.2.11 Definition. A subset A of a metric space (X,d) is said to be bounded if there

exists a real number 7 such that d(ay,as) < r, for all a; and ay in A.
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7.2.12 Proposition. Let A be a compact subset of a metric space (X,d). Then A is

closed and bounded.

Proof. By Corollary 7.2.6, A is a closed set. Now fix zp € X and define the mapping
f(AT)—=Rby
f(a) =d(a,zg), for every a € A,

where T is the induced topology on A. Then f is continuous and so, by Proposition 7.2.1, f(A)
is compact. Thus, by Proposition 7.2.10, f(A) is bounded; that is, there exists a real number M
such that

fla) < M, for all a € A.

Thus d(a,z¢) < M, for all a € A. Putting r = 2M, we see by the triangle inequality that
d(ay,as) <, for all a; and ay in A. O

Recalling that R" denotes the n-dimensional euclidean space with the topology induced by
the euclidean metric, it is possible to generalize the Heine-Borel Theorem and its converse from

R to R", n > 1. We state the result here but delay its proof until the next chapter.

7.2.13 Theorem. (Generalized Heine-Borel Theorem) A subset of R", n > 1, is

compact if and only if it is closed and bounded.

Warning. Although Theorem 7.2.13 says that every closed bounded subset of R" is compact,

closed bounded subsets of other metric spaces need not be compact. (See Exercises 7.2 #9.)

7.2.14 Proposition. Let (X,7) be a compact space and f a continuous mapping from
(X, T) into R. Then the set f(X) has a greatest element and a least element.

Proof. As f is continuous, f(X) is compact. Therefore f(X) is a closed bounded subset of
R. As f(X) is bounded, it has a supremum. Since f(X) is closed, Lemma 3.3.2 implies that the
supremum is in f(X). Thus f(X) has a greatest element — namely its supremum. Similarly it

can be shown that f(X) has a least element. O
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7.2.15 Proposition. Let a and b be in R and f a continuous function from [a,b] into R.
Then f([a,b]) = [¢,d], for some ¢ and d in R.

Proof. As [a,b] is connected, f([a,b]) is a connected subset of R and hence is an interval. As

la,b] is compact, f([a,b]) is compact. So f(]a,b]) is a closed bounded interval. Hence

f(la;b]) = ¢, d]

for some ¢ and d in R. OJ

Exercises 7.2

1.  Which of the following subsets of R are compact? (Justify your answers.)
() z;
(i) {2:n=1,23,...}
(iii) {z : z =cosy, y € [0, 1]};

(iv) {z:2z=tany, y € [0,7/2)}.

2. Which of the following subsets of R? are compact? (Justify your answers.)

() {(z,y) : 2* +9* = 4}

(i) {(v,y) :x>y+1}

(i) {{(z,y):0< 2 <2 0<y<4}
(z,y)

3. Let (X,T) be a compact space. If {F;:i € I} is a family of closed subsets of X such that
Nier Fi = O, prove that there is a finite subfamily

F,,F,,...,F; suchthat F;, NF,N---NF, =0.
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4.  Corollary 4.3.7 says that for real numbers a,b,c and d with a < b and ¢ < d,

(i) (a,) % ¢, d]
(ii) [a.b) 2 [c,d].

Prove each of these using a compactness argument (rather than a connectedness argument

as was done in Corollary 4.3.7).

5. Let (X,7T) and (Y, T;) be topological spaces. A mapping f : (X,7T) — (Y, T) is said to
be a closed mapping if for every closed subset A of (X, 7), f(A) is closed in (Y, 7). A
function f: (X,T) — (Y, T;) is said to be an open mapping if for every open subset A of
(X, T), f(A) is open in (Y, T ).

(a) Find examples of mappings f which are

(i) open but not closed
(ii) closed but not open
(iii) open but not continuous
(iv) closed but not continuous
(v) continuous but not open
(vi) continuous but not closed.
(b) If (X,7T) and (Y, T;) are compact Hausdorff spaces and f : (X, 7)) — (Y, T1) is a

continuous mapping, prove that f is a closed mapping.

6. Let f: (X, T) — (Y,T1) be a continuous bijection. If (X,7T) is compact and (Y, T,) is

Hausdorff, prove that f is a homeomorphism.

7. Let {C;:j € J} be a family of closed compact subsets of a topological space (X, 7). Prove

that (), C; is compact.

8. Let n be a positive integer, d the euclidean metric on R", and X a subset of R". Prove that
X is bounded in (R",d) if and only if there exists a positive real number M such that for
all (xq,29,...,2,) € X, -M<z; <M,i=1,2...,n.
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9. Let (C]0,1],d*) be the metric space defined in Example 6.1.6. Let B={f: f € C[0,1] and
d*(f,0) < 1} where 0 denotes the constant function from [0, 1] into R which maps every

element to zero. (The set B is called the closed unit ball.)

(i) Verify that B is closed and bounded in (C]0, 1], d*).

(ii) Prove that B is not compact. [Hint: Let {B; : i € I} be the family of all open balls
of radius 3 in (C[0,1],d*). Then {B; : i € I} is an open covering of B. Suppose there
exists a finite subcovering By, By, ... By. Consider the (N +1) functions f, : [0,1] — R
given by f,(z) =sin(2¥*7r.z), a =1,2,... N + 1.

(a) Verify that each f, € B.

(b) Observing that fy,1(1) =1 and f,,(1) =0, for all m < N, deduce that if fy1 € B;
then f,, ¢ By, m=1,... N.

(c) Observing that fx(3) =1and f,(3) =0, for all m < N —1, deduce that if fy € B,
then f,, € Bob, m=1,... , N — 1.

(d) Continuing this process, show that f, fa, ..., fx11 lie in distinct B; — a contradiction.]

10. Prove that every compact Hausdorff space is a normal space.

11.* Let A and B be disjoint compact subsets of a Hausdorff space (X, 7). Prove that there
exist disjoint open sets G and H such that A C G and B C H.

12. Let (X, T) be an infinite topological space with the property that every subspace is compact.
Prove that (X, 7) is not a Hausdorff space.

13. Prove that every uncountable topological space which is not compact has an uncountable

number of subsets which are compact and an uncountable number which are not compact.

14. If (X, T) is a Hausdorff space such that every proper closed subspace is compact, prove that

(X, T) is compact.
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7.3 Postscript

Compactness plays a key role in applications of topology to all branches of analysis. As noted in

Remark 7.1.4 it can be thought as a topological generalization of finiteness.

The Generalized Heine-Borel Theorem characterizes the compact subsets of R" as those

which are closed and bounded.

Compactness is a topological property. Indeed any continuous image of a compact space is

compact.

Closed subsets of compact spaces are compact and compact subspaces of Hausdorff spaces

are closed.

Exercises 7.2 # 5 introduces the notions of open mappings and closed mappings. Exercises
7.2 #10 notes that a compact Hausdorff space is a normal space (indeed a T-space). That the
closed unit ball in each R" is compact contrasts with Exercises 7.2 #9. This exercise points out
that the closed unit ball in the metric space (C|0, 1],d*) is not compact. Though we shall not
prove it here, it can be shown that a normed vector space is finite-dimensional if and only if its

closed unit ball is compact.

Warning. It is unfortunate that “compact” is defined in different ways in different books and
some of these are not equivalent to the definition presented here. Firstly some books include
Hausdorff in the definition of compact. Some books, particularly older ones, use “compact” to
mean a weaker property than ours—what is often called sequentially compact. Finally the term

“bikompakt” is often used to mean compact or compact Hausdorff in our sense.



Chapter 8

Finite Products

Introduction

There are three important ways of creating new topological spaces from old ones. They are by
forming “subspaces”, “quotient spaces”, and “product spaces’. The next three chapters are
devoted to the study of product spaces. In this chapter we investigate finite products and prove
Tychonoff’s Theorem. This seemingly innocuous theorem says that any product of compact
spaces is compact. So we are led to ask: precisely which subsets of R are compact? The Heine-
Borel Theorem will tell us that the compact subsets of R are precisely the sets which are both

closed and bounded.

As we go farther into our study of topology, we shall see that compactness plays a crucial

role. This is especially so of applications of topology to analysis.

154
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8.1 The Product Topology

If X1, X5,...,X, are sets then the product X; x Xy x --- x X, is the set consisting of all the
ordered n-tuples (z1,xs...,2,), where x; € X;, i =1,...,n.

The problem we now discuss is:

Given topological spaces (X1, 7 1), (X2, T2),...,(X,, Trn) how do we define a reasonable topology
T on the product set X; x Xy x -+ x X,?

An obvious (but incorrect!) candidate for T is the set of all sets O; X Oy X - - - X O,,, where O; € T,
1t =1,...,n. Unfortunately this is not a topology.

For example, if n = 2 and (X,7;) = (X,T2) = R then T would contain the rectangles
(0,1) x (0,1) and (2,3) x (2,3) but not the set [(0,1) x (0,1)] U[(2,3) x (2,3)], since this is not
01 x Oy for any choice of O; and Os.

[If it were O; x Oy for some O; and O, then % € (0,1) € O and 2% € (2,3) € Oy and so the
ordered pair (3,21) € O; x O, but (3,23) ¢ [(0,1) x (0,1)] U[(2,3) x (2,3)].] Thus T is not closed
under unions and so is not a topology.

However we have already seen how to put a topology (the euclidean topology) on R? =RxR.

This was done in Example 2.2.9. Indeed this example suggests how to define the product topology

in general.

8.1.1 Definitions. Let (X1,71), (X2,T2), ..., (X,,Tn) be topological spaces. Then
the product topology 7 on the set X; x X3 X --- x X, is the topology having the family
{01 x Oy x ...0p, O; € T;, i=1,...,n} as a basis. The set X; x Xy x --- x X,, with the
topology T is said to be the product of the spaces (X;,71), (X3, T2),...,(X,,T,) and is
denoted by (X7 X Xo X ... X, T) or (Xq,T1) x (Xo,T2) X -+ X (X, Ty).

Of course it must be verified that the family {O; x Oy x -+ x O, : O; € T;, i1 =1,...,n} is
a basis for a topology; that is, it satisfies the conditions of Proposition 2.2.8. (This is left as an

exercise for you.)
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8.1.2 Proposition. Let By, Bs,...,B, be bases for topological spaces (X;,T1),
(X2, T2),...,(Xn, Ty), respectively. Then the family {O1xOy%x---x0,, : O; € B;, i =1,...,n}
is a basis for the product topology on X; x X5 x --- x X,.

The proof of Proposition 8.1.2 is straightforward and is also left as an exercise for you.

8.1.3 Observations (i) We now see that the euclidean topology on R", n > 2, is just the
product topology on the set R xR x -+ x R =R". (See Example 2.2.9 and Remark 2.2.10.)

(ii) It is clear from Definitions 8.1.1 that any product of open sets is an open set or more
precisely: if Oy, Os, ..., O, are open subsets of topological spaces (X1, 71), (X2, T2),. .-, (Xn, Tn),
respectively, then O; x Oy X ... O, is an open subset of (X, 7 1) X (X2, T2) X -+ X (X, T,). The

next proposition says that any product of closed sets is a closed set.

8.1.4 Proposition. Let Cy, Cs, ..., C, be closed subsets of the topological spaces
(X1,T1), (X2,T2),..., (Xpn, Ty), respectively. Then C) x Cy x -+ x C,, is a closed subset of
the product space (X; X Xo x -+ x X, T).

Proof. Observe that

(Xp X Xox - x X))\ (Cp x Cy x -+ x Cy)
= [(Xl\cl)XXQX"'XXn]U[XlX(XQ\CQ)XXgX"'XXn]U
U X X X X e X X x (X, \ )

which is a union of open sets (as a product of open sets is open) and so is an open set in
(X1,T1) X (X2, T2) X -+ X (X,,Tpn). Therefore its complement, C; x Cy x ...C,, is a closed set,

as required. Il
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Exercises 8.1

Prove Proposition 8.1.2.

If (X1,7T1), (Xo,T32),...,(X,, Tp) are discrete spaces, prove that the product space (X, 7 1) X
(Xo,T2) X -+ X (X,, T,) is also a discrete space.

Let X; and X, be infinite sets and 7, and T, the finite-closed topology on X; and X,,
respectively. Show that the product topology, T, on X; x X, is not the finite-closed topology.

Prove that the product of any finite number of indiscrete spaces is an indiscrete space.
Prove that the product of any finite number of Hausdorff spaces is Hausdorff.

Let (X, 7T) be a topological space and D = {(z,z) : x € X} the diagonal in the product
space (X, 7T) x (X,T) = (X x X, T,). Prove that (X, T) is a Hausdorff space if and only if
D is closed in (X x X, T;).

Let (X1,71), (X2, T2) and (X35, T3) be topological spaces. Prove that
[(X1,T1) X (Xa,T2)] X (X3,73) 2 (X1, T1) X (Xa,T2) X (X3, T3).
(i) Let (X1,71) and (X3, T2) be topological spaces. Prove that
(X1, T1) x (X2, Ta) = (X2, Ta) X (X1, T1).

(if) Generalize the above result to products of any finite number of topological spaces.
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Let C1, Cy,...,C, be subsets of the topological spaces (Xi,71), (X2, T2),...,(Xn,7n),
respectively, so that C; x Cy X --- x (), is a subset of (X1, 7T1) x (X3, T2) X -+ X (X, Ty).

Prove each of the following statements.

(i) (C1xCoyx---xCp) D2CTxCyx---xCl;

(i) CixCyx - xCpy=0; x Cy X -+ x Cp;

(iii) if C1,Cy,...,C, are dense in (X,T1), (X2, T2) , ... , (Xn, Tn), respectively, then
Cy X Cy x --- x Cy, is dense in the product space (X1, T1) X (X2, T2) X -+ X (Xp, Th);

(iv) if (X1,7T1), (X2, 72), ..., (Xn, Tn) are separable spaces, then (X, 7T1) X (Xg,75) X - - - X

(X, Ty) is a separable space;

(v) for each n > 1, R" is a separable space.

Show that the product of a finite number of T}-spaces is a Tj-space.

If (X1,T1),...,(Xn, T,) satisfy the second axiom of countability, show that (X;,7;) x

(Xo,T2) X -+ x (X, T,) satisfies the second axiom of countability also.

Let (R, T) be the Sorgenfrey line, defined in Exercises 3.2 #11, and (R? T;) be the product
space (R, 71) x (R, 7). Prove the following statements.

() {{(z,y) ra<z<b c<y<d, a,b,c,d € R} is a basis for the topology T .
(ii) (R? T) is a regular separable totally disconnected Hausdorff space.

(iii) Let L = {(z,y) : z,y € R and z +y = 0}. Then the line L is closed in the euclidean

topology on the plane and hence also in (R? 7).

(iv) If T3 is the subspace topology induced on the line L by T, then T3 is the discrete
topology, and hence (L, T3) is not a separable space. [As (L, T3) is a closed subspace
of the separable space (]RQ,TQ), we now know that a closed subspace of a separable

space is not necessarily separable.]

[Hint: show that LN {(z,y) :a <z <a+1, —a<y< —a+1, a € R} is a singleton
set.]
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8.2 Projections onto Factors of a Product

Before proceeding to our next result we need a couple of definitions.

8.2.1 Definitions. Let 7, and T, be topologies on a set X. Then T, is said to be a
finer topology than T, (and T is said to be a coarser topology than T,) if T D T».

8.2.2 Example. The discrete topology on a set X is finer than any other topology on X.
The indiscrete topology on X is coarser than any other topology on X. [See also Exercises 5.1
#10.] U

8.2.3 Definitions. Let (X,7) and (Y, T ;) be topological spaces and f a mapping from
X into Y. Then f is said to be an open mapping if for every A € 7, f(A) € T1. The
mapping f is said to be a closed mapping if for every closed set B in (X, T), f(B) is closed
in (Y,T1).

8.2.4 Remark. In Exercises 7.2 #5, you were asked to show that none of the conditions
“continuous mapping”, “open mapping”’, ‘“closed mapping”, implies either of the other two
conditions. Indeed no two of these conditions taken together implies the third. (Find examples

to verify this.) O
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8.2.5 Proposition. Let (X,71,), (X9,T2), ..., (X,,T,) be topological spaces and
(X1 x Xy x -+ x X, T) their product space.
Foreach i€ {1,...,n}, let p; : X1 x Xy x --- x X,, — X, be the projection mapping; that is,

pi((z1, 29, ..., Ty, Tp)) = @y, for each (xy,29,...,2;,...,2,) € X3 X Xo X -+- x X,,. Then
(i) each p; is a continuous surjective open mapping, and

(if) T is the coarsest topology on the set X; X X5 x - - - x X, such that each p; is continuous.

Proof.  Clearly each p; is surjective. To see that each p; is continuous, let U be any open set

in (X1,7;). Then
pzl(U>:X1XX2X"'XXi_IXUXXZ'+1)(...XXn

which is a product of open sets and so is open in (X; x Xy X -+ x X,,,T). Hence each p; is
continuous.

To show that p; is an open mapping it suffices to verify that for each basic open set
Uy x Uy x -+ x U,, where Uj is open in (X;,T;), for j=1,...,n, the set p;(U; x Uy X --- x U,) is
open in (X;, 7;). But p;(U; x Uy x -+ x Uy,) = U; which is, of course, open in (X;,T;). So each
pi is an open mapping. We have now verified part (i) of the proposition.

Now let 7/ be any topology on the set X; x X, x - -- x X,, such that each projection mapping
pi: (X x Xgx -+ xX,,T") — (X;,T;) is continuous. We have to show that 7/ D 7.

Recalling the definition of the basis for the topology T (given in Definition 8.1.1) it suffices
to show that if Oy, O,,...,0, are open sets in (X1,7T1), (X2,T2),...,(Xn, T,) respectively, then
O1 X Oy x -+-x O, € T'. To show this, observe that as p; is continuous, p; *(0;) € T’, for each

t=1,...,n. Now
pi_l(Oi):XlXXQX"'XX,L',lXOiXXZ'+1X"'><Xn’

so that .
ﬂpfl(Oi)=O1 X Oy X +++ X Oy.
=1

Then p;'(0;) € T' for i = 1,...,n, implies i_, p; '(O;) € T"; that is, Oy x Oy X --- x O,, € T', as
required. O
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8.2.6 Remark. Proposition 8.2.5 (ii) gives us another way of defining the product topology.
Given topological spaces (X1,77), (X2, T32),...,(X,, T,) the product topology can be defined as
the coarsest topology on X; x X5 x - - x X, such that each projection p; : X1 x Xox... X, — X is
continuous. This observation will be of greater significance in the next section when we proceed

to a discussion of products of an infinite number of topological spaces. 0J

8.2.7 Corollary. For n > 2, the projection mappings of R" onto R are continuous open

mappings. O
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8.2.8 Proposition. Let (X1,7T1), (X2,T2),...,(Xn,7,) be topological spaces and
(X1 x Xg X -+- x X,,,T) the product space. Then each (X;,7;) is homeomorphic to a
subspace of (X; x Xy x -+- x X,,, T).

Proof. For each j, let a; be any (fixed) element in X;. For each ¢, define a mapping
fz‘ : (XuTz) — (Xl X X2 X+ X Xn,T) by
fl(flf) = <a1,a,2, B ¢ 7 J [P N ¢ P [P ,an).

We claim that f;: (X;,T;) — (fi(X;), T') is a homeomorphism, where 7' is the topology induced
on f;(X;) by 7. Clearly this mapping is one-to-one and onto. Let U € T,. Then

fi(U) ={a1} x {as} x -+ x {aj—1} x U x {aj41} x -+ x {an}
= (X1 X Xox X X; 1 xUXXig X x X,)N
(far} x {az} x - x{ai1} X Xi x {ag1} x -+ x{an})
=(Xi x Xogx - X X; 1 xU X X1 x -+ x X)) N fi(X5)
eT’
since X1 X Xo X -+ X X; 1 xUXX;11 x---x X, €T. SoU € T; implies that f;(U) € T'.

Finally, observe that the family
{U1 xUp x - xUn)N fi(X;) Ui €T;,i=1,...,n}

is a basis for T/, so to prove that f; is continuous it suffices to verify that the inverse image under

fi of every member of this family is open in (X;, 7;). But

FHO x Ua x . U) 0 fi(X)) = 7 (U x Up -+ - x Un) 0 f7H(fi(X5))
. Uszz, ifCLjEUj,j?é?;
o, if a; ¢ U;, for some j # i.
As U;NX; =U; € T; and @ € T; we infer that f; is continuous, and so we have the required
result. O

Notation. If X, X5, ..., X,, are sets then the product X; x X, x --- x X,, is denoted by
[, Xi. If (X5,T1), (X2, Ta),...,(X,, T,) are topological spaces, then the product space
(X1,T1) x (X2, T2) X -+ X (X,,T,) is denoted by []\_, (X, 7). O
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Exercises 8.2

. Prove that the euclidean topology on R is finer than the finite-closed topology.

Let (X;, T;) be a topological space, for i = 1,...,n. Prove that

(i) if T[;_,(X;, T;) is connected, then each (X;, T;) is connected;
(i) if T, (X;, T;) is compact, then each (X;, T;) is compact;
(iii) if J[",(X;, T;) is path-connected, then each (X;, T;) is path-connected;
(iv) if T],(X;, T:) is Hausdorff, then each (X;, T;) is Hausdorff;
(v) if [T-,(X;, T;) is a Ty-space, then each (X;,T;) is a Ti-space.
Let (Y,7) and (X;,T;), ¢ = 1,2,...,n be topological spaces. Further for each i, let f; be a

mapping of (Y, 7) into (X;,T;). Prove that the mapping f: (Y, T) — [[,(X;, T:), given
by

f(y) = <f1(y)7f2(y)7 oo 7fn(y)>7

is continuous if and only if every f; is continuous.

Hint: Observe that f; = p; o f, where p; is the projection mapping of [["_,(X;, T;) onto
j=1\gy 1 j
(‘<iv 72)]

Let (X,d;) and (Y, d>) be metric spaces. Further let e be the metric on X x Y defined in
Exercises 6.1 #4. Also let T be the topology induced on X x Y by e. If d; and d, induce
the topologies T; and T3 on X and Y, respectively, and T3 is the product topology of
(X,T1) x (Y, T3), prove that T = T3. [This shows that the product of any two metrizable

spaces is metrizable.]

Let (X1,7T1), (X5, T2),...,(X,, T,) be topological spaces. Prove that [[  (X;,T;) is a

metrizable space if and only if each (X, T;) is metrizable.

[Hint: Use Exercises 6.1 #6, which says that every subspace of a metrizable space is

metrizable, and Exercise 4 above.]
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8.3 Tychonoff’s Theorem for Finite Products

8.3.1 Theorem. (Tychonoff’s Theorem for Finite Products) If (X;,7;), (X3, 72), ...,

(X, Tn) are compact spaces, then [[\_,(X;, T;) is a compact space.

Proof.  Consider first the product of two compact spaces (X, 7 ;) and (Y, T2). Let U;, i € I be
any opening covering of X X Y. Then for each x € X and y € Y, there exists an ¢ € I such that
(z,y) € U;. So there is a basic open set V(x,y) x W(x,y), such that V{(x,y) € T1, W(z,y) € T
and (x,y) € V(z,y) x W(x,y) C U,.

As (x,y) ranges over all points of X x Y we obtain an open covering V(z,y) x W(z,y),
x € X,y €Y, of X XY such that each V(z,y) x W(x,y) is a subset of some U;, i € I. Thus
to prove (X, T;) x (Y, T5) is compact it suffices to find a finite subcovering of the open covering
V(z,y) x W(z,y), z€ X, y€Y.

Now fix 2o € X and consider the subspace {7y} x Y of X x Y. As seen in Proposition 8.2.8
this subspace is homeomorphic to (Y, T2) and so is compact. As V(zg,y) X W(xo,y), y € Y, is
an open covering of {zo} x Y it has a finite subcovering:

Vi@o,y1) x Wi(xo,y1), V(zo,y2) X W(xo,92), -, V(20,Ym) X W(Zo, Ym)-
Put V(zo) = V(zo,y1) N V(xo,y2) N --- NV (zo,Ym). Then we see that the set V(zy) x Y is

contained in the union of a finite number of sets of the form V(xg,y) x W(xg,y), y € Y.

Thus to prove X XY is compact it suffices to show that X xY is contained in a finite union of
sets of the form V(z) xY. As each V(z) is an open set containing x € X, the family V(z), z € X,
is an open covering of the compact space (X, 7). Therefore there exist 1, x5, ...,z such that
X CV(z)UV(xg)U...V(zg). Thus X XY C (V(z1) x Y)U (V(z2) xY)U---U(V(xg) XY), as
required. Hence (X, T ;) x (Y, T3) is compact.

The proof is completed by induction. Suppose that the product of any N compact spaces
is compact. Consider the product (X;,7T1) X (X2,T2) X -+ X (Xny1,Tny1) of compact spaces
(X;,Ts),i=1,...,N+1. Then

(XlaTl) X (XQ,TQ) X e X (XN+ 1,7—N+1) = [(Xle) X o+ X (XN,TN)] X (XN+ 177-N+ 1)

By our inductive hypothesis (X1,7 ) X -+ X (Xy, T n) is compact, so the right-hand side is the
product of two compact spaces and thus is compact. Therefore the left-hand side is also compact.

This completes the induction and the proof of the theorem. 0
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Using Proposition 7.2.1 and 8.2.5 (i) we immediately obtain:

8.3.2 Proposition. (Converse of Tychonoff’'s Theorem) Let (X;,71), (X2, 7T2), ...,
(X, T») be topological spaces. If [[_,(X;, T;) is compact, then each (X;, T;) is compact.[]

We can now prove the previously stated Theorem 7.2.13.

8.3.3 Theorem. (Generalized Heine-Borel Theorem) A subset of R", n > 1 is compact

if and only if it is closed and bounded.

Proof.  That any compact subset of R" is bounded can be proved in an analogous fashion to
Proposition 7.2.8. Thus by Proposition 7.2.5 any compact subset of R" is closed and bounded.

Conversely let S be any closed bounded subset of R". Then, by Exercises 7.2 #8, S is a
closed subset of the product

n terms

< N

[-M, M| x [-M, ]\}] X - X [=M, M]

for some positive real number M. As each closed interval [—M, M] is compact, by Corollary 7.2.3,

Tychonoff’s Theorem implies that the product space
[—M, M| x [-M,M] x --- x [-M, M]

is also compact. As S is a closed subset of a compact set, it too is compact. O

8.3.4 Example. Define the subspace S' of R? by
St = {{z,y) : 2 +y° = 1}.

Then S' is a closed bounded subset of R? and thus is compact.

Similarly we define the n-sphere S™ as the subspace of R™™ given by
S* = {(z1, 29, -+, Tpy1) 1 T3+ A5+ + a2, =1}

Then S” is a closed bounded subset of R"*! and so is compact. O
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8.3.5 Example. The subspace S' x [0,1] of R? is the product of two compact spaces and so

is compact. (Convince yourself that S' x [0, 1] is the surface of a cylinder.) O

Exercises 8.3

1. A topological space (X, T) is said to be locally compact if each point x € X has at least
one neighbourhood which is compact. Prove that
(i) Every compact space is locally compact.
(if) R and Z are locally compact (but not compact).
(iii) Every discrete space is locally compact.

(iv) If (X1,7T1), (X2, T2), ..., (X, Ty) are locally compact spaces, then [[_ (X;, T;) is

locally compact.
(v) Every closed subspace of a locally compact space is locally compact.
(vi) A continuous image of a locally compact space is not necessarily locally compact.

(vii) If f is a continuous open mapping of a locally compact space (X, 7') onto a topological

space (Y, T1), then (Y, T) is locally compact.

(viii) If (X1,7T1), (X2, T2),...,(X,,7T,) are topological spaces such that [, (X;T;) is locally

compact, then each (X;, T;) is locally compact.

2.*% Let (Y, T1) be a locally compact subspace of the Hausdorff space (X, 7). If Y is dense in
(X, T), prove that Y is open in (X, T).
[Hint: Use Exercises 3.2 #9]
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8.4 Products and Connectedness

8.4.1 Definition. Let (X, T) be a topological space and let = be any point in X. The
component in X of z, Cx(z), is defined to be the union of all connected subsets of X which

contain z.

8.4.2 Proposition. Let = be any point in a topological space (X,7). Then Cx(z) is

connected.

Proof. Let {C; : i € I} be the family of all connected subsets of (X,7) which contain z.
(Observe that {z} € {C;:i € I}.) Then Cx(z) = U,; Ci.

Let O be a subset of Cx(z) which is clopen in the topology induced on Cx(z) by 7. Then
O N Cj; is clopen in the induced topology on C;, for each i.

But as each C; is connected, ONC; = C; or O, for each i. If ONC; = C; for some j € I, then
x € O. So, in this case, ONC; # O, for all i € I as each C; contains x. Therefore O N C; = C;,
forallie I orONC; =0, for all i € I; that is, O = Cx(x) or O = 0.

So Cx(z) has no proper non-empty clopen subset and hence is connected. (

8.4.3 Remark. We see from Definition 8.4.1 and Proposition 8.4.2 that Cx(z) is the largest

connected subset of X which contains z. O

8.4.4 Lemma. Let a and b be points in a topological space (X, 7). If there exists a
connected set C' containing both a and b then Cx(a) = Cx(b).

Proof. By Definition 8.4.1, Cx(a) 2 C and Cx(b) O C. Therefore a € Cx(b).

By Proposition 8.4.2, C'x(b) is connected and so is a connected set containing a. Thus, by
Definition 8.4.1, Cx(a) D Cx(b).

Similarly Cx(b) 2 Cx(a), and we have shown that Cx(a) = Cx(b). O
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8.4.5 Proposition. Let (X3,71),(Xs,T2),...,(X,, Tn) be topological spaces. Then
[T, (X;, T;) is connected if and only if each (X;, T;) is connected.

Proof.  To show that the product of a finite number of connected spaces is connected, it suffices
to prove that the product of any two connected spaces is connected, as the result then follows
by induction.

So let (X,T) and (Y, T1) be connected spaces and (zo, o) any point in the product space
(X XY, Ts). Let (x1,y1) be any other point in X x Y. Then the subspace {x¢} xY of (X XY, T)
is homeomorphic to the connected space (Y, 7) and so is connected.

Similarly the subspace X x {y;} is connected. Furthermore, (z¢,y;) lies in the connected
space {20} XY, so Cxxy((zo,11)) 2 {x0} XY 3> (x0,%0), while (zg,y1) € X x {y1}, and so
Cxxy ((@o,41)) 2 X X {1} 3 (z1,51).

Thus (xo,%0) and (z1,y;) lie in the connected set C'xyy ({(zo,%1)), and so by Lemma 8.4.4,
Cxxy({z0,%)) = Cxxy({x1,11)). In particular, (x1,11) € Cxxy({zo,¥0)). As (z1,y1) was an
arbitrary point in X x Y, we have that Cxyy ({(xo,%0)) = X X Y. Hence (X x Y, T3) is connected.

Conversely if [[;_,(X;,T;) is connected then Propositions 8.2.5 and 5.2.1 imply that each

(Xi, T;) is connected. d

8.4.6 Remark. In Exercises 5.2 #9 the following result appears: For any point x in any

topological space (X, T), the component Cx(z) is a closed set. O
8.4.7 Definition. A topological space is said to be a continuum if it is compact and
connected.

As an immediate consequence of Theorem 8.3.1 and Propositions 8.4.5 and 8.3.2 we have

the following proposition.

8.4.8 Proposition. Let (X1,7T1), (X2,T2),...,(X,, T,) be topological spaces. Then
[T, (X;, T;) is a continuum if and only if each (X;, T;) is a continuum. O
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Exercises 8.4

. A topological space (X, T) is said to be a compactum if it is compact and metrizable. Let

(X1,T1), (X2, 73),...,(X,, Tn) be topological spaces. Using Exercises 8.2#5, prove that
[T, (X;, T;) is a compactum if and only if each (X;, T;) is a compactum.

. Let (X, d) be a metric space and T the topology induced on X by d.

(i) Prove that the function d from the product space (X,7) x (X, T) into R is continuous.
(ii) Using (i) show that if the metrizable space (X, 7 ) is connected and X has at least 2

points, then X has the uncountable number of points.

If (X, 7T)and (Y, T) are path-connected spaces, prove that the product space (X, 7)x (Y, T1)

is path-connected.
(i) Letz = (z1,29,...,x,) be any point in the product space (Y, T) = [[,_,(X;, T;). Prove
that Cy(l‘) = CXl(.’L’l) X CX2<$2) X X CXn({L’n).

(ii) Deduce from (i) and Exercises 5.2 #10 that [, (X;, T;) is totally disconnected if and
only if each (X;,7;) is totally disconnected.



170

CHAPTER 8. FINITE PRODUCTS

5. Let G be a group and T be a topology on the set G. Then (G, T) is said to be a topological

group if the mappings

(G, T)— (G,T) and (G, T)x (G, T) — (G, T)

T — a7 (r,y) — =y

are continuous, where z and y are any elements of the group GG, and x-y denotes the product
in G of x and y. Show that
(i) R, with the group operation being addition, is a topological group.

(i) Let T be the subset of the complex plane consisting of those complex numbers
of modulus one. If the complex plane is identified with R* (and given the usual
topology), then T with the subspace topology and the group operation being complex

multiplication, is a topological group. [This topological group is called the circle group.]

(iii) Let (G,T) be any topological group, U a subset of G and g any element of G. Then
geUecT ifandonlyife€ g ' -U € T, where e denotes the identity element of G.

(iv) Let (G, T) be any topological group and U any open set containing the identity element

e. Then there exists an open set V' containing e such that
{vi.v3:v1 €V and v, € V} CU.

(v)* Any topological group (G, T) which is a T}-space is also a Hausdorff space.

A topological space (X, T) is said to be locally connected if it has a basis B consisting of
connected (open) sets.

(i) Verify that Z is a locally connected space which is not connected.

(ii) Show that R™ and S™ are locally connected, for all n > 1.

(iii) Let (X,7T) be the subspace of R? consisting of the points in the line segments joining
(0,1) to (0,0) and to all the points <%,O>, n=1,2,3,.... Show that (X, T) is connected

but not locally connected.
(iv) Prove that every open subset of a locally connected space is locally connected.

(v) Let (Xi,7T1),(X2,T2),...,(X,, T,) be topological spaces. Prove that [[_,(X;, T;) is

locally connected if and only if each (X, T;) is locally connected.
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8.5 Fundamental Theorem of Algebra

In this section we give an application of topology to another branch of mathematics. We show
how to use compactness and the Generalized Heine-Borel Theorem to prove the Fundamental

Theorem of Algebra.

8.5.1 Theorem. (The Fundamental Theorem of Algebra) Every polynomial
f(2) = apz" + ap_12" ' + -+ + a1z + ap, where each a; is a complex number, a, # 0,

and n > 1, has a root; that is, there exists a complex number z; s.t. f(z) = 0.

Proof.

1£(2)| = |anz™ + apn_12™ 1 + - - + aq|

Uy a
2 fanllf” = o [fanca] + 22 4y B0

|2| |2|
> |an)|2]" — 2" {lan-1] + |an—o| + -+ +aol], for |2z| > 1
= \z]”_l[]anHz\ —R], for|z|>1and R=|a,_1|+ -+ |ao|

R+1
> |2|"7, for |2| > max< 1, prll (1)
||

If we put po=|f(0)| = |ao| then, by inequality (1), there exists a 7' > 0 such that
|f(2)] > po, forall |z| >T (2)

Consider the set D = {z : z € complex plane and |z| < T'}. This is a closed bounded subset
of the complex plane C = R? and so, by the Generalized Heine-Borel Theorem, is compact.
Therefore, by Proposition 7.2.14, the continuous function |f|: D — R has a least value at some
point z;. So

If(z0)| < |f(2)], forallze D.

By (2), for all z ¢ D, |f(2)| > po = |f(0)| > |f(20)|. Therefore
[f(z0)] <[f(2)|, forall zeC (3)

So we are required to prove that f(zg) = 0. To do this it is convenient to perform a

‘translation’. Put P(z) = f(z + z0). Then, by (2),

|P(0)| < |P(z2)|, forall zeC (4)
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The problem of showing that f(z;) = 0 is now converted to the equivalent one of proving that
P(0) =0.
Now P(z) = b,z" + b, 12" - +by, b €C.So P(0)=0by. We shall show that b, = 0.
Suppose by # 0. Then
P(z) = by + bp2" 4+ 2" Q(2), (5)

where )(z) is a polynomial and by, is the smallest b; # 0, i > 0.

e.g. if P(2) =102" +62° + 32" +423 + 222+ 1, then by =1, by = 2, (b) = 0), and

Q)
P(2)=1+2:2+ 234+ 32+ 622+ 102%).

Let w € C be a k" root of the number —by/by; that is, w* = —by/by.
As )(z) is a polynomial, for ¢ a real number,
tQ(tw)| — 0, ast—0
This implies that ¢ [w* ™ Q(tw)| — 0 ast — 0.
So there exists a real number t; with 0 <ty < 1 such that

to [w* ' Q(tow)| < |bol (6)

So, by (5), P(tow) = by + by (tow)* + (tow)* ™ Q(tow)

= by + by, [tok (_b—z“ﬂ + (tow)* ™ Q(tow)

= bo(1 — to") + (tow)* ' Q(tow)

Therefore |P(tow)| < (1 — to")|bo| + to* w1 Q(tow)]
< (1= t") [bol + to" bo|, by (6)
= [bol
= |P(0)] (7)
But (7) contradicts (4). Therefore the supposition that by # 0 is false; that is, P(0) = 0, as
required. O]
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8.6 Postscript

As mentioned in the Introduction, this is one of three chapters devoted to product spaces. The
easiest case is that of finite products. In the next chapter we study countably infinite products and
in Chapter 10, the general case. The most important result proved in this section is Tychonoff’s

Theorem!. In Chapter 10 this is generalized to arbitrary sized products.

The second result we called a theorem here is the Generalized Heine-Borel Theorem which

characterizes the compact subsets of R" as those which are closed and bounded.

Exercises 8.4 #b5 introduced the notion of topological group, that is a set with the structure
of both a topological space and a group, and with the two structures related in an appropriate
manner. Topological group theory is a rich and interesting branch of mathematics. Exercises 8.3
#1 introduced the notion of locally compact topological space. Such spaces play a central role

in topological group theory.

Our study of connectedness has been furthered in this section by defining the component of
a point. This allows us to partition any topological space into connected sets. In a connected
space like R" the component of any point is the whole space. At the other end of the scale, the

components in any totally disconnected space, for example, Q, are all singleton sets.

As mentioned above, compactness has a local version. So too does connectedness. Exercises
8.4 #6 defined locally connected. However, while every compact space is locally compact, not
every connected space is locally connected. Indeed many properties P have local versions called

locally P, and P usually does not imply locally P and locally P usually does not imply P.

At the end of the chapter we gave a topological proof of the Fundamental Theorem of
Algebra. The fact that a theorem in one branch of mathematics can be proved using methods
from another branch is but one indication of why mathematics should not be compartmentalized.
While you may have separate courses on algebra, complex analysis, and number theory these

topics are, in fact, interrelated.

For those who know some category theory, we observe that the category of topological spaces
and continuous mappings has both products and coproducts. The products in the category are

indeed the products of the topological spaces. You may care to identify the coproducts.

You should have noticed how sparingly we use the word “theorem”, so when we do use that term it is because
the result is important.



Appendix 1: Infinite Sets

Introduction

Once upon a time in a far-off land there were two hotels, the Hotel Finite (an ordinary hotel with
a finite number of rooms) and Hilbert's Hotel Infinite (an extra-ordinary hotel with an infinite
number of rooms numbered 1,2,...n,...). One day a visitor arrived in town seeking a room.
She went first to the Hotel Finite and was informed that all rooms were occupied and so she
could not be accommodated, but she was told that the other hotel, Hilbert's Hotel Infinite, can
always find an extra room. So she went to Hilbert's Hotel Infinite and was told that there too
all rooms were occupied. However, the desk clerk said at this hotel an extra guest can always be
accommodated without evicting anyone. He moved the guest from room 1 to room 2, the guest

from room 2 to room 3, and so on. Room 1 then became vacant!

From this cute example we see that there is an intrinsic difference between infinite sets and
finite sets. The aim of this Appendix is to provide a gentle but very brief introduction to the
theory of Infinite Sets. This is a fascinating topic which, if you have not studied it before, will

contain several surprises. We shall learn that “infinite sets were not created equal"

- some are
bigger than others. At first pass it is not at all clear what this statement could possibly mean.
We will need to define the term “bigger". Indeed we will need to define what we mean by “two

sets are the same size".

174
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Al.1 Countable Sets

Al1.1.1 Definitions. Let A and B be sets. Then A is said to be equipotent to B, denoted
by A ~ B, if there exists a function f : A — B which is both one-to-one and onto (that is,

f is a bijection or a one-to-one correspondence).

A1.1.2 Proposition. Let A, B, and C' be sets.
(i) Then A ~ A.
(ii) If A~ B then B ~ A.

(iii) If A~ B and B ~ C then A~ C.

Outline Proof.

(i) The identity function f on A, given by f(x) = x, for all z € A, is a one-to-one correspondence

between A and itself.

(ii) If f is a bijection of A onto B then it has an inverse function g from B to A and g is also

a one-to-one correspondence.

(iii) If f: A — B is a one-to-one correspondence and g: B — C' is a one-to-one correspondence,

then their composition gf: A — C'is also a one-to-one correspondence. []

Proposition A1.1.2 says that the relation “~" is reflexive (i), symmetric (ii), and transitive

(iii); that is, “~" is an equivalence relation.

Al1.1.3 Proposition. Let n,m € N. Then the sets {1,2,...,n} and {1,2,...,m} are

equipotent if and only if n = m.

Proof. Exercise. U

Now we explicitly define the terms “finite set” and “infinite set”.
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Al1.1.4 Definitions. Let S be a set.

(i) Then S is said to be finite if it is the empty set, @, or it is equipotent to {1,2,...,n},

for some n € N.
(ii) If S is not finite, then it is said to be infinite.

(iii) If S~ {1,2,...,n} then S is said to have cardinality n, which is denoted by card S = n.

(iv) If S = O then the cardinality is said to be 0, which is denoted by card ) = 0.

The next step is to define the “smallest” kind of infinite set. Such sets will be called countably
infinite. At this stage we do not know that there is any “bigger” kind of infinite set — indeed we

do not even know what “bigger” would mean in this context.

A1.1.5 Definitions. Let S be a set.
(i) The set S is said to be countably infinite (or denumerable) if it is equipotent to N.
(ii) The set S is said to be countable if it is finite or countably infinite.

(iii) If S is countably infinite then it is said to have cardinality ¥, denoted by card S = N,

(iv) A set S is said to be uncountable if it is not countable.

A1.1.6 Remark. We see that if the set S is countably infinite, then S = {s1,82,...,8,,...}
where f : N — S is a one-to-one correspondence and s, = f(n), for all n € N. So we can
the elements of S. Of course if S is finite and non-empty, we can also list its elements by
S ={s1,82,...,8,}. So we can list the elements of any countable set. Conversely, if the elements
of S can be listed then S is countable as the listing defines a one-to-one correspondence with N

or {1,2,...,n}. ]

Al1.1.7 Example. The set S of all even positive integers is countably infinite.

Proof. The function f : N — S given by f(n) = 2n, for all n € N, is a one-to-one

correspondence. ]
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Example Al1.1.7 is worthy of a little contemplation. We think of two sets being in one-
to-one correspondence if they are “the same size”. But here we have the set N in one-to-one
correspondence with one of its subsets. This does not happen with finite sets. Indeed
finite sets can be characterized as those sets which are not equipotent to any of their proper

subsets.

A1.1.8 Example. The set Z of all integers is countably infinite.

Proof.  The function f: N — Z given by

m, ifn=2m,m>1

f(n)=<-m, fn=2m+1, m>1
0, ifn=1.
is a one-to-one correspondence. O
Al1.1.9 Example. The set S of all positive integers which are perfect squares is countably
infinite.
Proof. The function f: N — S given by f(n) = n? is a one-to-one correspondence. []

Example A1.1.9 was proved by G. Galileo about 1600. It troubled him and suggested to him

that the infinite is not man's domain.

A1.1.10 Proposition. If a set S is equipotent to a countable set then it is countable.

Proof. Exercise. L]
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A1.1.11 Proposition. If S is a countable set and 7' C S then T is countable.

Proof.  Since S is countable we can write it as a list S = {s1,s2,...} (a finite list if S is finite,

an infinite one if S is countably infinite).

Let t; be the first s; in T' (if T # ). Let ¢, be the second s; in T (if T # {t1}). Let t3 be
the third s; in T (if T # {t1,t2}), . ...

This process comes to an end only if T' = {t,t5,...,t,} for some n, in which case T is finite.
If the process does not come to an end we obtain a list {t1,%s,...,t,,...} of members of T. This
list contains every member of T', because if s; € T then we reach s; no later than the " step
in the process; so s; occurs in the list. Hence T is countably infinite. So T is either finite or

countably infinite. ]

As an immediate consequence of Proposition 1.1.11 and Example 1.1.8 we have the following

result.
A1.1.12 Corollary. Every subset of Z is countable. [l
A1.1.13 Lemma. |If S},S5;,...,5,,... is a countably infinite family of countably infinite
sets such that S; N .S; = O for i # j, then |J S; is a countably infinite set.
=1
Proof. As each S; is a countably infinite set, S; = {s1, si2,...,Sin,...}. Now put the s;; in a

square array and list them by zigzagging up and down the short diagonals.

S11 — S12 S13 — S14
v /! e
521 522 523 T
I/ / /
531 532 533 T
S S

This shows that all members of U;’il S; are listed, and the list is infinite because each .S; is infinite.

So |J;2, Si is countably infinite. O

In Lemma A1.1.13 we assumed that the sets S; were pairwise disjoint. If they are not pairwise

disjoint the proof is easily modified by deleting repeated elements to obtain:
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Al1.1.14 Lemma. |If 5,5, ...,95,,... is a countably infinite family of countably infinite
sets, then |J S; is a countably infinite set. O
i=1

A1.1.15 Proposition. The union of any countable family of countable sets is countable.

Proof. Exercise. O]

A1.1.16 Proposition. If S and T are countably infinite sets then the product set
SxT ={(s,t):se€S,t €T} is a countably infinite set.

Proof. Let S ={s1,89,...,8n,...} and T = {t1,ta,...,tn,...}. Then

SxT = J{(si,t1), (si,t2), -, (s0,tn), .- }.

i=1
So S x T is a countably infinite union of countably infinite sets and is therefore countably

infinite. O]

A1.1.17 Corollary. Every finite product of countable sets is countable. ]

We are now ready for a significant application of our observations on countable sets.

A1.1.18 Lemma. The set, Q77 of all positive rational numbers is countably infinite.

Proof. Let S; be the set of all positive rational numbers with denominator i, for i € N. Then
S, = {l I } and Q7% = |J S;. As each S; is countably infinite, Proposition A1.1.15

PRIV ) 3
i=1

yields that Q~° is countably infinite. O
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We are now ready to prove that the set, QQ, of all rational numbers is countably infinite; that
is, there exists a one-to-one correspondence between the set Q and the (seemingly) very much

smaller set, N, of all positive integers.

A1.1.19 Theorem. The set Q of all rational numbers is countably infinite.

Proof. Clearly the set Q<" of all negative rational numbers is equipotent to the set, Q~°, of all
positive rational numbers and so using Proposition A1.1.10 and Lemma A1.1.18 we obtain that

Q<" is countably infinite.

Finally observe that Q is the union of the three sets Q°°, Q< and {0} and so it too is
countably infinite by Proposition A1.1.15. []

A1.1.20 Corollary. Every set of rational numbers is countable.

Proof. This is a consequence of Theorem A1.1.19 and Proposition A1.1.11. ]

A1.1.21 Definitions. A real number x is said to be an algebraic number if there is a

natural number n and integers ag, ay, ..., a, with ag # 0 such that
az” +a1z” 1+ +a,_1z+a,=0.

A real number which is not an algebraic number is said to be a transcendental number.

A1.1.22 Example. Every rational number is an algebraic number.

Proof. If x = §, for p,q € Z and q # 0, then gz — p = 0; that is, x is an algebraic number with
n=1, ag = ¢q, and a,, = —p. O]

A1.1.23 Example. The number /2 is an algebraic number which is not a rational number.

Proof. While x = v/2 is irrational, it satisfies 22 — 2 = 0 and so is algebraic. O]
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Al1.1.24 Remark. It is also easily verified that v5—1+/3 is an algebraic number since it satisfies
2% — 1225 + 442* — 28822 +16 = 0. Indeed any real number which can be constructed from the set
of integers using only a finite number of the operations of addition, subtraction, multiplication,

division and the extraction of square roots, cube roots, ..., is algebraic. L]

Al1.1.25 Remark. Remark A1.1.24 shows that “most” numbers we think of are algebraic
numbers. To show that a given number is transcendental can be extremely difficult. The first

such demonstration was in 1844 when Liouville proved the transcendence of the number

=1
Z == 0.11000100000000000000000100 . . .

n=1

It was Charles Hermite who, in 1873, showed that e is transcendental. In 1882 Lindemann
proved that the number 7 is transcendental thereby answering in the negative the 2,000 year old
question about squaring the circle. (The question is: given a circle of radius 1, is it possible, using
only a straight edge and compass, to construct a square with the same area? A full exposition
of this problem and proofs that e and 7 are transcendental are to be found in the book, Jones,

Morris & Pearson [112].) ]

We now proceed to prove that the set A of all algebraic numbers is also countably infinite.

This is a more powerful result than Theorem A1.1.19 which is in fact a corollary of this result.
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A1.1.26 Theorem. The set A of all algebraic numbers is countably infinite.

Proof. Consider the polynomial f(z) = apz™ +a;2" ' +---+a, 12 +a,, where ay # 0 and each
a; € Z and define its height to be k = n + |ag| + |a1| + - - - + |an]|.

For each positive integer k, let Ay be the set of all roots of all such polynomials of height k.
Clearly A = fj Ag.

Therefoig,1 to show that A is countably infinite, it suffices by Proposition A1.1.15 to show
that each Aj is finite.

If fis a polynomial of degree n, then clearly n < k and |a;| < k fori=1,2,...,n. So the set
of all polynomials of height £ is certainly finite.

Further, a polynomial of degree n has at most n roots. Consequently each polynomial of

height & has no more than k roots. Hence the set A, is finite, as required. []

A1.1.27 Corollary. Every set of algebraic numbers is countable. [l

Note that Corollary A1.1.27 has as a special case, Corollary A1.1.20.

So far we have not produced any example of an uncountable set. Before doing so we observe

that certain mappings will not take us out of the collection of countable sets.

A1.1.28 Proposition. Let X and Y be sets and f a map of X into Y.

(i) If X is countable and f is surjective (that is, an onto mapping), then Y is countable.

(ii) If Y is countable and f is injective (that is, a one-to-one mapping), then X is countable.

Proof. Exercise. [

A1.1.29 Proposition. Let S be a countable set. Then the set of all finite subsets of S

is also countable.

Proof. Exercise. O]
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A1.1.30 Definition. Let S be any set. The set of all subsets of S is said to be the power
set of S and is denoted by P(5).

A1.1.31 Theorem. (Georg Cantor) For every set S, the power set, P(S), is not
equipotent to S; that is, P(S) # S.

Proof. We have to prove that there is no one-to-one correspondence between S and P(S). We

shall prove more: that there is not even any surjective function mapping S onto P(S5).

that there exists a function f: S — P(S) which is onto. For each z € §,
f(z) € P(S), which is the same as saying that f(z) C S.

Let T={zx:2 € Sandz & f(x)}. ThenT C S; thatis, T € P(S). So T = f(y) for some
y € S, since f maps S onto P(S). Nowy e T ory & T.

Case 1.
yeT =y¢& f(y) (by the definition of T)

=y &T (since f(y)=1T).

So Case 1 is impossible.

Case 2.
y¢T =ye€ f(y) (by the definition of T)

=yeT (since f(y)=T).
So Case 2 is impossible.

As both cases are impossible, we have a contradiction. So our supposition is false and there

does not exist any function mapping S onto P(S). Thus P(S) is not equipotent to S. O
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Al1.1.32 Lemma. If Sisany set, then S is equipotent to a subset of its power set, P(S).

Proof. Define the mapping f: S — P(S) by f(z) = {x}, for each x € S. Clearly f is a
one-to-one correspondence between the sets S and f(S). So S is equipotent to the subset f(5)

of P(S). O]

A1.1.33 Proposition. If S is any infinite set, then P(S) is an uncountable set.

Proof. As S is infinite, the set P(S5) is infinite. By Theorem A1.1.31, P(S) is not equipotent
to S.

P(S) is countably infinite. Then by Proposition Al1.1.11, Lemma 1.1.32 and
Proposition Al1.1.10, S is countably infinite. So S and P(S) are equipotent, which is a

contradiction. Hence P(S) is uncountable. ]

Proposition A1.1.33 demonstrates the existence of uncountable sets. However the sceptic
may feel that the example is contrived. So we conclude this section by observing that important

and familiar sets are uncountable.
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A1.1.34 Lemma. The set of all real numbers in the half open interval [1,2) is not

countable.

Proof. (Cantor's diagonal argument)  We shall show that the set of all real numbers in [1,2)

cannot be listed.

Let L = {ry,79,...7,...} be any list of real numbers each of which lies in the set [1,2).
Write down their decimal expansions:

1 :1.7"117”12...7’1”...

T2 :1.7“21T22...T‘2n...

Tm =L.7m1Tm2 - - - T - - -

Consider the real number a defined to be 1.a1as...a, ... where, for each n € N,

1 ifr,, #1
Ap = .
2 ifr,, =1.

Clearly a,, # r,, and so a # r,, for all n € N. Thus a does not appear anywhere in the list
L. Thus there does not exist a listing of the set of all real numbers in [1,2); that is, this set is

uncountable. O]

A1.1.35 Theorem. The set, R, of all real numbers is uncountable.

Proof. R is countable. Then by Proposition A1.1.11 the set of all real numbers in

[1,2) is countable, which contradicts Lemma A1.1.34. Therefore R is uncountable. [l
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A1.1.36 Corollary. The set, I, of all irrational numbers is uncountable.

Proof. I is countable. Then R is the union of two countable sets: I and Q. By

Proposition A1.1.15, R is countable which is a contradiction. Hence I is uncountable. O]

Using a similar proof to that in Corollary A1.1.36 we obtain the following result.

A1.1.37 Corollary. The set of all transcendental numbers is uncountable. U

Al1.2 Cardinal Numbers

In the previous section we defined countably infinite and uncountable and suggested, without
explaining what it might mean, that uncountable sets are “bigger” than countably infinite sets.

To explain what we mean by “bigger” we will need the next theorem.

Our exposition is based on that in the book, Halmos [84]
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Al1.2.1 Theorem. (Cantor-Schroder-Bernstein) Let S and T be sets. If S is equipotent
to a subset of 7" and T is equipotent to a subset of S, then S is equipotent to 7.

Proof. Without loss of generality we can assume S and T are disjoint. Let f : S — T and

g : T — S be one-to-one maps. We are required to find a bijection of S onto 7.

We say that an element s is a parent of an element f(s) and f(s) is a descendant of s.
Also t is a parent of ¢(t) and g(t) is a descendant of t. Each s € S has an infinite sequence of
descendants: f(s), g(f(s)), f(g(f(s))), and so on. We say that each term in such a sequence is
an ancestor of all the terms that follow it in the sequence.

Now let s € S. If we trace its ancestry back as far as possible one of three things must
happen:

(i) the list of ancestors is finite, and stops at an element of S which has no ancestor;

(ii) the list of ancestors is finite, and stops at an element of 7" which has no ancestor;

(i) the list of ancestors is infinite.

Let S be the set of those elements in S which originate in S; that is, Sg is the set S\ ¢(T)
plus all of its descendants in S. Let S; be the set of those elements which originate in T'; that
is, St is the set of descendants in S of 7'\ f(S). Let Sy be the set of all elements in S with no
parentless ancestors. Then S is the union of the three disjoint sets Sg, S and S.. Similarly T

is the disjoint union of the three similarly defined sets: Ty, Ts, and T,.
Clearly the restriction of f to Sg is a bijection of Sg onto Tg.

Now let g~! be the inverse function of the bijection g of T onto g(T'). Clearly the restriction

of g=! to Sr is a bijection of Sy onto 7.

Finally, the restriction of f to S, is a bijection of S, onto T.

Define h: S — T by f(s) ifseSs
h(s) =< g s) ifseSr
f(s) ifseS.

Then h is a bijection of S onto 7. So S is equipotent to 7. ]
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Our next task is to define what we mean by “cardinal number”.

Al1.2.2 Definitions. A collection, R, of sets is said to be a cardinal number if it satisfies
the conditions:

(i) Let S and T be sets. If S and T are in X, then S ~ T,

(ii) Let A and B be sets. If Aisin X and B ~ A, then B is in XN.

If N is a cardinal number and A is a set in ¥, then we write card A = N.

Definitions Al1.2.2 may, at first sight, seem strange. A cardinal number is defined as a

collection of sets. So let us look at a couple of special cases:

If a set A has two elements we write card A = 2: the cardinal number 2 is the collection of

all sets equipotent to the set {1,2}, that is the collection of all sets with 2 elements.

If a set S is countable infinite, then we write card S = N;; in this case the cardinal number

N, is the collection of all sets equipotent to N.

Let S and T be sets. Then S is equipotent to 7' if and only if card S = card T'.

Al1.2.3 Definitions. The cardinality of R is denoted by ¢; that is, card R = ¢. The
cardinality of N is denoted by N,.

The symbol ¢ is used in Definitions A1.2.3 as we think of R as the “continuum”.

We now define an ordering of the cardinal numbers.

Al1.2.4 Definitions. Let m and n be cardinal numbers. Then the cardinal m is said to
be less than or equal to n, that is m < n, if there are sets S and T such that card m = 5,
card T' = n, and S is equipotent to a subset of T'. Further, the cardinal m is said to be

strictly less than n, that is m < n, if m <n and m # n.

As R has N as a subset, card R = ¢ and card N = X, and R is not equipotent to N, we

immediately deduce the following result.

Al1.2.5 Proposition. ¥, <c. U
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We also know that for any set S, S is equipotent to a subset of P(S), and S is not equipotent

to P(95), from which we deduce the next result.

A1.2.6 Theorem. For any set S, card S < card P(S5). O

The following is a restatement of the Cantor-Schroder-Bernstein Theorem.

Al1.2.7 Theorem. Let m and n be cardinal numbers. If m < n and n < m, then

m=n. O]

Al1.2.8 Remark. We observe that there are an infinite number of infinite cardinal numbers.

This is clear from the fact that:
() Ny = card N < card P(N) < card P(P(N)) < ... O]

The next result is an immediate consequence of Theorem Al1.2.6.

A1.2.9 Corollary. There is no largest cardinal number. [

Noting that if a finite set S has n elements, then its power set P(S) has 2" elements, it is

natural to introduce the following notation.

A1.2.10 Definition. If a set S has cardinality R, then the cardinality of P(S) is denoted
by 2%.

Thus we can rewrite (x) above as:

N
(%) Ry < 2% < 220 <220 <

When we look at this sequence of cardinal numbers there are a number of questions which

should come to mind including:

(1) Is Xy the smallest infinite cardinal number?
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(2) Is ¢ equal to one of the cardinal numbers on this list?

(3) Are there any cardinal numbers strictly between Xy and 2%0?

These questions, especially (1) and (3), are not easily answered. Indeed they require a careful
look at the axioms of set theory. It is not possible in this Appendix to discuss seriously the axioms

of set theory. Nevertheless we will touch upon the above questions later in the appendix.

We conclude this section by identifying the cardinalities of a few more familiar sets.

A1.2.11 Lemma. Let a and b be real numbers with a < b. Then

(i) [0, 1] ~ [a, 0];

(ii) (0,1) ~ (a,b);
(iii) (0,1) ~ (1,00);
(iv) (—o0,—1) ~ (=2,-1);

(v) (1,00) ~(1,2);

(vi) R~ (-2,2);
(vii) R ~ (a,b).

(
(

Outline Proof. (i) is proved by observing that f(xz) = a + bx defines a one-to-one function of
[0, 1] onto [a, b]. (ii) and (iii) are similarly proved by finding suitable functions. (iv) is proved using
(iii) and (ii). (v) follows from (iv). (vi) follows from (iv) and (v) by observing that R is the union
of the pairwise disjoint sets (—oo, —1), [—1,1] and (1,00). (vii) follows from (vi) and (ii). 1.
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Al1.2.12 Proposition. Let a and b be real numbers with a < b. If S is any subset of R
such that (a,b) C S, then card S = ¢. In particular, card (a,b) = card [a, b] = ¢.

Proof. Using Lemma A1.2.11 observe that
card R = card (a,b) < card [a,b] < card R.

So card (a,b) = card [a,b] = card R = c. 1.

A1.2.13 Proposition. If R? is the set of points in the Euclidean plane, then card (R?) =
C.

Outline Proof. By Proposition A1.2.12, R is equipotent to the half-open interval [0,1) and it is
easily shown that it suffices to prove that [0,1) x [0,1) ~ [0, 1).

Define f:[0,1) — [0,1) x [0,1) by f(x) is the point (x,0). Then f is a one-to-one mapping
of [0,1) into [0,1) x [0,1) and so ¢ =card [0,1) < card [0,1) x [0,1).

By the Cantor-Schroder-Bernstein Theorem, it suffices then to find a one-to-one function ¢
of [0,1) x [0,1) into [0,1). Define

g((O.alag...an...,O.blbg...bn...,>) = 0.albla262...anbn....

Clearly g is well-defined (as each real number in [0,1) has a unique decimal representation that

does not end in 99...9...) and is one-to-one, which completes the proof. []

Al1.3 Cardinal Arithmetic

We begin with a definition of addition of cardinal numbers. Of course, when the cardinal numbers

are finite, this definition must agree with addition of finite numbers.

A1.3.1 Definition. Let o and 3 be any cardinal numbers and select disjoint sets A and
B such that card A = a and card B = 3. Then the sum of the cardinal numbers o and [

is denoted by o + /7 and is equal to card (AU B).
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Al1.3.2 Remark. Before knowing that the above definition makes sense and in particular does
not depend on the choice of the sets A and B, it is necessary to verify that if A; and B; are
disjoint sets and A and B are disjoint sets such that card A = card A; and card B = card Bj,
then AU B ~ A; U By; that is, card (AU B) = card (A; U By). This is a straightforward task and

so is left as an exercise. L]

A1.3.3 Proposition. For any cardinal numbers «, 3 and ~:

(i) a+8=0+a;
(i) a4+ (B+7) = (a+pB)+7;
(iii) a+ 0= a;

(iv) Ifa< B thena+~vy < [B+7.

Proof. Exercise [

A1.3.4 Proposition.
(i) Ro+ Ry = RVy;
(i) c+ Ry =g

(i) c+c=¢;

(iv) For any finite cardinal n, n + Xy =X, and n+ ¢ = c.

Proof.

(i) The listing 1,—1,2,—2,...,n,—n,... shows that the union of the two countably infinite sets

N and the set of negative integers is a countably infinite set.

(ii) Noting that [-2,—1]UN C R, we see that card[-2,—1] + card N < card R = ¢. So
¢ =card[-2,—1] < card ([-2,—-1]UN) =card[-2,—1] + card N= ¢+ Xy < ¢.

(iii) Note that ¢ < ¢+ ¢ = card ((0,1) U (1,2)) < card R = ¢ from which the required result is

immediate.

(iv) Observe that Xy <n+RNg < Vg+Ng=Ngand ¢ <n+¢<c+¢=¢c, from which the results
follow. []

Next we define multiplication of cardinal numbers.
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A1.3.5 Definition. Let a and 3 be any cardinal numbers and select disjoint sets A and
B such that card A = a and card B = 3. Then the product of the cardinal numbers o and
3 is denoted by /3 and is equal to card (A x B).

As in the case of addition of cardinal numbers, it is necessary, but routine, to check in

Definition A1.3.5 that o3 does not depend on the specific choice of the sets A and B.

A1.3.6 Proposition. For any cardinal numbers «, 5 and ~

(i) af = Ba;

(i) a(B7) = (aB)v;
(iii) La=a;
(iv) 0.a=0;

(v) a(B+7) =af +ay;
(vi) For any finite cardinal n, na = a + a+...a (n-terms);

(v1i) If @ < then ay < (7.

Proof. Exercise O]

A1.3.7 Proposition.
(i) NoNg = Ny;
(i) cc=c;

(iii) ¢Rg =¢;

(iv) For any finite cardinal n, n®X; = Ry and n¢ = c.

Outline Proof. (i) follows from Proposition 1.1.16, while (ii) follows from Proposition A1.2.13.
To see (iii), observe that ¢ = ¢.1 < ¢Xy < ¢¢ = ¢. The proof of (iv) is also straightforward. [

The next step in the arithmetic of cardinal numbers is to define exponentiation of cardinal

numbers; that is, if & and 3 are cardinal numbers then we wish to define o”.
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A1.3.8 Definitions. Let a and 3 be cardinal numbers and A and B sets such that
card A = o and card B = 3. The set of all functions f of B into A is denoted by A”.
Further, o’ is defined to be card AZ.

Once again we need to check that the definition makes sense, that is that o’ does not depend
on the choice of the sets A and B. We also check that if n and m are finite cardinal numbers,
A is a set with n elements and B is a set with m elements, then there are precisely n™ distinct

functions from B into A.

We also need to address one more concern: If « is a cardinal number and A is a set such
that card A = «a, then we have two different definitions of 2¢. The above definition has 2¢ as
the cardinality of the set of all functions of A into the two point set {0,1}. On the other hand,
Definition A1.2.10 defines 2¢ to be card (P(A)). It suffices to find a bijection & of {0,1}* onto
P(A). Let f € {0,1}~. Then f: A — {0,1}. Define 0(f) = f~*(1). The task of verifying that

is a bijection is left as an exercise.

A1.3.9 Proposition. For any cardinal numbers o, 3 and ~:
(i) ot =adfa?;
(i) (aB)Y =a7p7;
(iii) (a?)" = a®;
(iv) a < 3 implies a7 < 37

(v) a < 3 implies v* < v7.

Proof. Exercise O]

After Definition A1.2.10 we asked three questions. We are now in a position to answer the

second of these questions.
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A1.3.10 Lemma. RN =c¢.

Proof. Observe that card NN = R™ and card (0,1) = ¢. As the function f: (0,1) — NY given

by f(0.a1as...a,...) = {(ai,as,...,an,,...) is an injection, it follows that ¢ < R,™.

By the Cantor-Schroder-Bernstein Theorem, to conclude the proof it suffices to find an
injective map ¢ of NY into (0,1). If (a1, as,...,a,,...) is any element of NN then each a; € N

and so we can write

Ui = ...0Qp Qi(n—1) - - - Qi2 a;1, Where for some M; € N, a;, = 0, for all n > M, [For example
187=...00...0187 and so if a; = 187 then a;; =7, a;x = 8, a;3=1 and a;, = 0, for n > M; = 3.]
Then define the map g by

g((a1, A, ...,0y,... >) = 0.a11012021 013022031 A14023032041 1502433042051 Q16 - - - -

(Compare this with the proof of Lemma A1.1.13.)

Clearly g is an injection, which completes the proof. []

We now state a beautiful result, first proved by Georg Cantor.

A1.3.11 Theorem. 2% — .

Proof. Firstly observe that 2% < R™ = ¢, by Lemma A1.3.10. So we have to verify that
¢ <™. To do this it suffices to find an injective map f of the set [0,1) into {0, 1}N. Each element
x of [0,1) has a binary representation = = 0.z125...2, ..., with each z; equal to 0 or 1. The

binary representation is unique except for representations ending in a string of 1s; for example,
1/4=10.0100...0---=0.0011...1....

Providing that in all such cases we choose the representation with a string of zeros rather
than a string of 1s, the representation of numbers in [0,1) is unique. We define the function
f:10,1) — {0, 13N which maps z € [0,1) to the function f(z): N — {0,1} given by f(z)(n) = z,,
n € N. To see that f is injective, consider any = and y in [0,1) with x # y. Then z,, # Yy, for
some m € N. So f(z)(m) = z,, # ym = f(y)(m). Hence the two functions f(z): N — {0,1} and
f(y): N — {0,1} are not equal. As x and y were arbitrary (unequal) elements of [0,1), it follows

that f is indeed injective, as required. ]
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A1.3.12 Corollary. If o is a cardinal number such that 2 < a < ¢, then o™ = ¢.

Proof.  Observe that ¢ = 2% < oMo < Mo = (2%0)No = 9NoRo — %o — 0
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